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Abstract. In this essay I give an overview of the fundamentals of numerical

relativity. The need for approximation schemes whose solutions converge to those

of the underlying continuum system and how, alongside new hardware and software

tools, this drives the subject is stressed. Criteria for declaring a problem solved are also

touched upon. I go on to describe a few open problems in 3+1 spacetime dimensions in

pure general relativity. These include the treatment of future null-infinity, large mass-

ratio binary black hole spacetimes, stellar surfaces, near-critical vacuum spacetimes,

plus the robust evolution of black holes and their interiors. The central perspective is

that of a multidisciplinary subject which is mature but in no sense complete.

1. Introduction

The modeling of gravitational waves from astrophysical and cosmological sources both

in GR and, to a lesser extent, beyond, is performed with a variety of techniques and

strategies. The prototype source to have in mind is a compact binary system consisting

of black holes and/or neutron stars. When the two objects are well-separated and slowly

moving it is natural to fix-up the Newtonian equations of motion to include general

relativistic corrections. This is done in the post-Newtonian framework [1]. If one of the

two objects is much more massive than the other, it is natural to treat the orbit of the

smaller object as a perturbation of a geodesic in the spacetime of the larger body [2].

This perturbation can be described using the gravitational self-force [3]. Finally, if

the two objects eventually merge and settle down to a single compact object, it may

make sense to accurately describe the system using the linearized theory. These regimes

can be glued together within different frameworks, notably the phenomenological [4, 5]

and effective-one-body [6, 7] approaches. Complete gravitational waveforms can then

be passed along to data analysts for use in searches. This complicated tapestry of

approximations would, however, be missing a large patch without a way to fill-in

that part of the signal associated with the coalescence of the two objects, where all

approximations fail. This important patch is stitched using numerical relativity, the

subject of this essay. But to couch the subject purely in these terms paints far too

narrow a picture. Numerical relativity does not exist purely to provide waveforms



for hungry detectors! Better to say that it is the use of numerical methods to find

approximate solutions to the gravitational field equations. The aim is that as resolution

is increased our approximations converge to solutions of the original continuum system.

This wish underpins much of the theoretical development in the topic. Ultimately we

would like to be able to treat arbitrary spacetimes of physical interest, no matter how

wild their dynamical behavior.

In Section 2, I give a bare-bones introduction to the theory underlying the subject.

The presentation is necessarily superficial, so for the reader interested in going further

I strongly recommend the textbooks [8–11] for numerical relativity, and [12–15] for

relevant background. In section 3 the advertised open problems of principle and practice

are discussed. They are of a varied nature, some astrophysical, others less so, but all are

important in their own right, and deserving of serious attention. This collection is of

course not supposed to be in any way exhaustive, and consists simply of a few problems

I think are pretty cool for one reason or another and, probably over-ambitiously, felt

could be sketched in very limited space. Some concluding remarks are given in section 4.

2. The Fundamentals

2.1. The field equations and their 3+1 decomposition

In the study of gravitation we wish to find solutions to the relevant field equations.

The canonical example is that of general relativity, where the Ricci tensor is required

to satisfy,

(4)Gab = (4)Rab −
1

2
gab

(4)R = 8πTab , (1)

given matter content with stress-energy Tab, where here and in what follows I work in

geometric units, and Latin indices starting at a are abstract. The spacetime covariant

derivative compatible with gab is written ∇a. Currently, much attention is being given

to alternative theories of gravity, which have modified field equations. Examples of such

theories will be discussed in this volume, and are hence mostly avoided here. Expanded

in a tensor basis associated with coordinates xµ = (t, xi) the Einstein equations (1)

become a set of nonlinear, second order partial differential equations (PDEs) for the

metric components gµν . Greek indices denote spacetime components, whereas Latin

indices starting from i are spatial. We are interested in solving the Cauchy problem for

these equations. That is, initial data will be given for the metric and its time derivative,

and we will try to find the solution to the future. To apply many standard numerical

methods (think: Runge-Kutta) however, it is necessary to reduce the equations to a

form involving at most one time derivative and collect all of these together in a trivial

fashion. This is achieved by 3+1-decomposing the field equations. For complete details

see [9]. At the end of the day this boils down to introducing a time coordinate t and

expressing all tensors in terms of the parts pointing in the na = −α∇at direction, and

the spatial part orthogonal to it. In this framework the metric can be written as,

ds2 = −α2dt2 + γij(dx
i + βidt)(dxj + βjdt) . (2)



The lapse function α encodes the proper time elapsed between normal observers, the

shift vector βi how spatial coordinates are transported from one time slice to another,

and the spatial metric γij the intrinsic geometry of instants of time t. The time derivative

of the spatial metric can be expressed in terms of a new variable, called the extrinsic

curvature Kij, as,

∂tγij = −2αKij + Lβγij , (3)

where Lβ denotes the Lie-derivative along the shift vector. The Einstein equations

themselves decompose into a scalar equation, a spatial vectorial equation,

H = R−KijKij +K2 − 16πρ = 0 ,

Mi = DjKij −DiK − 8πji = 0 , (4)

and one tensorial equation for the components of the extrinsic curvature,

∂tKij = −DiDjα + α[Rij − 2Kk
iKjk +KKij]

−4πα[2Sij − (S − ρ)γij] + LβKij . (5)

Here the stress-energy tensor has been decomposed as,

ρ = Tabn
anb , ja = −Tbcnbγca , Sab = Tcdγ

c
aγ

d
b , (6)

and the common notation Da is used to denote the spatial covariant derivative

compatible with γab, with Rab the corresponding Ricci curvature. We have obtained

in (5) evolution equations for the extrinsic curvature, but additionally in (4) the

Hamiltonian and momentum constraints H,Mi, which crucially do not contain any

time derivatives, and nothing whatsoever for the lapse and shift. Both the presence of

constraints and the lack of equations of motion for the lapse and shift have to do with the

fact that general relativity may be formulated as a constrained Hamiltonian system. We

will momentarily sweep that under the carpet and just suppose that the lapse and shift

are known by some means. Using the four-dimensional contracted Bianchi identities it

follows that,

∂tH = −2α
(
DiMi + 2M iDi lnα−KH

)
+ LβH ,

∂tMi = −1

2
α (DiH + 2HDi lnα− 2KMi) + LβMi . (7)

Therefore if the constraints are initially satisfied, they will be remain so, at least if we

are considering only the Cauchy problem, in which initial data is given on a complete

level-set of t going out to spatial infinity. This leads to the notion of free-evolution,

the most prevalent approach to numerical relativity. For this, we need some spatial

metric and extrinsic curvature that satisfy the constraints on one spatial slice. There

are several methods to obtain such data, but for lack of space we must skip over the

details. With this data in hand, we may then evolve using (3) and (5) and, as far

as the original equations are concerned, forget about the constraints once and for all.

Unfortunately life is not so simple at the numerical level, where error will inevitably

violate the constraints, and could simply explode. In fact, in the next section we shall

see that thanks to the dirty underside of our carpet, life is more complicated even at

the continuum level!



2.2. Well-posedness and free-evolution

Well-posedness of a PDE problem is the fundamental requirement that there exists a

unique solution which depends continuously, in a suitable norm, on given data. In

principle, without this property it does not make sense to even try to find approximate

solutions to the equations by numerical methods. To see this, suppose that a change δ to

some initial data resulted in a perturbation in the resulting solution that did not vanish

as the limit δ → 0 were taken. Then, even under the hopelessly optimistic assumption

that some numerical approximation could compute the evolution perfectly and only

slight imperfections in the initial data were present, still the method could not converge

to the continuum solution! An unfortunate misconception is that ill-posedness of a

problem means that any numerical approximation will rapidly explode. The reality is

worse, however, as it is possible that at a finite resolution computation can run and even

seem to give reasonable solutions. As resolution is increased however the approximation

will not converge. Unfortunately even spotting that failure may be subtle.

Consequently, to avoid in the future potentially having to revisit problems long

considered solved, we must perform some analysis before coding begins. There is a

rather complete theory of local well-posedness for hyperbolic equations, but for brevity

we will work here with the simple heuristic sense that wave-equations are good and

everything else is bad, and look at how the archetypal hyperbolic formulation [16] of

general relativity is constructed. It should be stressed at the outset that all other such

formulations are constructed similarly. In this discussion we return to the field equations

in their original form (1). In coordinates xµ they can be written,

(4)Rµν = −1

2
gαβ∂α∂βgµν + ∂(µΓν) − ΓαµνΓα + gαβgδγ (∂γgαµ∂δgβν − ΓµαγΓνβδ)

= 8π

(
Tµν −

1

2
gµνT

)
, (8)

where Γαµν should be read as a shorthand for,

Γαµν =
1

2
gαβ(∂µgνβ + ∂νgµβ − ∂βgµν) , (9)

and the contracted Christoffel symbol is Γα = gµνΓαµν . When considering local in time

well-posedness we may ignore lower order derivative terms. Assuming that any matter

content is minimally coupled to the gravitational field equations, we need then only

consider the first two terms on the right-hand-side of the first line of (8). Armed with

our affection for wave equations, we might want to throw out the second. There are a

few hoops to jump through, but the remarkable fact is that we can!

Observe that the contracted Christoffel can be obtained by taking covariant

derivatives of our coordinates as,

∇α∇αx
µ = ∇α∂αx

µ = −Γµ . (10)

Therefore, if we choose coordinates that satisfy the wave equation or some suitable

inhomogeneous modification thereof, we should be able to remove the second term



from (8). This is formally achieved by defining a new set of constraints,

2Zµ = gµν∇α∇αx
ν −Hµ = −Γµ −Hµ . (11)

When the harmonic constraints Zα are satisfied, our desired generalized harmonic gauge

condition is enforced. The variables Hµ are called the gauge source functions. They can

be functions of the coordinates and the metric components, but not derivatives of the

metric. We now take derivatives of the new constraints and add them to (8), replacing

the true field equations with the generalized harmonic gauge formulation,

(4)Rµν + 2∇(µZν) = −1

2
gαβ∂α∂βgµν −∇(µHν) + gαβgδγ (∂γgαµ∂δgβν − ΓµαγΓνβδ)

= 8π

(
Tµν −

1

2
gµνT

)
. (12)

We have now removed the terms we did not like and rendered the leading part of

the equations wave-equation like. Given initial data for the metric and its first time

derivative the initial value problem for this set of equations is well-posed. It is sometimes

stated that since Hµ is arbitrary all gauges are generalized harmonic. Since Hµ may

not depend upon first derivatives of the metric without breaking the simple wavelike

principal part, this claim is misleading. An obvious worry is whether or not we can

actually get away with solving the modified equations. It turns out that the time

derivative of our Zα constraints is given as a combination of spatial derivatives of

themselves and the original Hamiltonian and momentum constraints (4). As before

under the new equations (12) the time derivatives of the Hamiltonian and momentum

constraints are given by a combination of the constraints, where naturally now Zα is

present. This means that we can take constraint satisfying initial data and solve the

original field equations using the free-evolution approach and do indeed obtain a well-

posed problem!

This can all be straightforwardly written in 3 + 1 decomposed form, since a change

of variables does not affect hyperbolicity. Presently the most relevant aspect of that is

that when the harmonic constraints are satisfied we have,

∂tα = −α2(K + nαHα) + Lβα ,
∂tβ

i = α2((3)Γi + γijHj)− αDiα + βj∂jβ
i . (13)

Thus the generalized harmonic gauge condition is really a choice of equation of motion

for the lapse and shift, our gauge fields. Notice that the basic ingredients in the recipe

were;

(i) Make a choice of gauge, meaning a choice of equation of motion for the gauge fields.

(ii) Define new constraints and choose their equation of motion.

(iii) Take derivatives of the new constraints and couple them to the rest of the system.

For the generalized harmonic formulation steps (ii). and (iii). are performed in one

fell-swoop, but in other formulations that is not the case. All hyperbolic formulations

are constructed according to this recipe in one way or another, albeit whilst trying



to satisfy the more sophisticated structural condition of strong-hyperbolicity, whose

definition we suppress here. As mentioned before, this structure is due to the fact that

the we are considering a constrained Hamiltonian system. Interestingly, for such systems

it is possible to classify hyperbolicity of the gauge choice and constraint subsystems by

themselves. A necessary condition for strong-hyperbolicity of the full formulation is that

of each of these two subsystems [17].

A comment about alternative theories of gravity is in order here. In the absence of

new variables besides the metric, we can reasonably expect the gauge freedom of such

a theory to agree with that of general relativity. Therefore it may be natural to look

for formulations that are well-posed in harmonic gauge, for example. But on the other

hand, the particular constraint addition that cures general relativity is not expected

to do so in any particular alternative. Therefore care is needed when claiming that a

theory does not admit a hyperbolic formulation with a certain gauge.

Finite availability of memory means that in applications we are forced to introduce a

timelike outer boundary in our simulations. Because of this it is not sufficient to consider

well-posedness of the initial value problem, but should instead consider well-posedness

of the initial boundary value problem, supplementing our initial conditions with suitable

conditions at the boundary. These conditions should be constraint satisfying, and so as

not to make the simulations unphysical should control incoming gravitational radiation

to model the situation of interest.

2.3. Numerical approximation

To sketch the central points needed to find approximate solutions numerically, let us

consider a toy model. Suppose that we now have an evolution PDE in 1 + 1 dimensions

of the form,

u̇ = A(u)u′ +B(u) , (14)

where an overdot denotes the time derivative ∂t, and prime denotes the spatial

derivative ∂x. We assume both the function A(u) and B(u) to be real. This system is

trivially symmetric hyperbolic, which for our purposes just means that the initial value

problem is well-posed. Suppose that we are interested in solving this system on the

spatial domain x ∈ R. Then we require initial data u(t = 0, x) = f(x). To formulate

the simplest possible approximation scheme, we pretend that we have a computer with

unlimited memory so that we can ignore boundaries. We then introduce a grid xi,

with i ∈ Z, covering the reals. A trivial example is to take a uniform grid xi = i h

with h the constant grid-spacing. On our grid xi we define a grid-function ui(t). The

idea is that we have a real function of t at each gridpoint xi to approximate the true

solution. Looking at our model (14) we can clearly compute from ui an approximate

value for A(u) and B(u) at each gridpoint, but we need some way to approximate u′

on our grid. This can be done by taking some combination of the ui’s at each point on

the grid. We will denote this new grid-function Dui. For example, we might choose to

take centered, second order accurate finite differences on a uniform grid, in which case



we have,

Dui =
1

2h
(ui+1 − ui−1) . (15)

Another possibility would be to make a pseudospectral approximation, which offers

the possibility of exponential reduction of error as resolution is increased. With this

approximation chosen, we arrive at the semidiscrete system,

u̇i = A(ui)Dui +B(ui) , (16)

a large coupled system of ODEs. Depending on the particular approach, this may

have to be adjusted by the addition of artificial dissipation to prevent the scheme from

behaving badly. Finally we must solve this large system of ODEs. For that we may

choose any explicit ODE integrator, most often Runge-Kutta, and simply feed it the

semidiscrete system. This approach is called ‘the method-of-lines’. If a pseudospectral

approximation is being made for the spatial derivatives, some form of filter may have to

be applied after each timestep to avoid bad behavior of the approximation [18]. With the

approximation scheme setup, it would now be desirable to demonstrate that solutions

of this scheme converge to those of the continuum equations in the limit of infinite

resolution. See [13] for an introductory discussion.

2.4. Treatment of compact objects

The best known application of numerical relativity is the evolution of compact binary

systems. In this section I give a brief overview of the key methods used in this endeavor.

Although they share many of the same ideas, the easiest way to distinguish between the

two main approaches is to classify them according to their treatment of black holes.

2.4.1. The moving-puncture method: Taking, as a model, the Schwarzschild metric in

isotropic coordinates,

ds2 = −
(1− m

2r
)2

(1 + m
2r

)2
dt2 +

(
1 +

m

2r

)4

(dr2 + r2dΩ2) , (17)

with dΩ2 the metric on the unit-sphere the central idea of the moving-puncture

method [19, 20] is to take initial data in which black holes are represented as coordinate

singularities, called punctures. This initial data is then combined with a clever choice of

variables to avoid explicitly divergent quantities in the code. This is achieved by making

a conformal decomposition of the spatial metric and extrinsic curvature. Examples of

such formulations are BSSNOK [21–23] and the conformal decompositions [24, 25] of

the Z4 [26] formulations. Of these the latter has been combined successfully with a

constraint damping scheme [27] to help control violations that appear due to numerical

error. The data is then evolved using gauge conditions that can advect the punctures

over the domain. Outer boundary conditions are typically taken to be of a naive

Sommerfeld form on each variable, although see [28] for an exception. Moving-puncture

simulations are performed using the method-of-lines for time integration and finite



differencing to approximate spatial partial derivatives. A restricted form of Berger-

Oliger mesh-refinement [29] is used to resolve the compact objects whilst keeping the

computational cost under control. The main strength of this approach is in the simplicity

of implementation combined with robustness in practice. Codes in which the moving-

puncture method has been implemented include bam [30], canuda [31], the Einstein

Toolkit [32], GRChombo [33] and Lean [34]. Of these Canuda, the Einstein Toolkit and

GRChombo are open source.

2.4.2. Black hole excision: Taking the Schwarzschild solution in Kerr-Schild

coordinates,

ds2 = −
(

1− 2M

r

)
dt2 +

4M

r
dt dr +

(
1 +

2M

r

)
dr2 + r2dΩ2 , (18)

as a model, the central idea of black hole excision [35] is that since the interior of the

black hole can not affect the exterior, we should simply be able to cut it out of the

computational domain. In modern numerical relativity excision is used with different

forms of the generalized harmonic formulation. These are based on what was described

in section 2.2. The precise form of these formulations are outlined in [36, 37]. The

potential difficulty of the excision approach is that the boundary surface itself may

fail to be a pure outflow boundary, so that additional boundary conditions may be

required. To ensure that this does not happen a control-mechanism based approach

has been developed [38]. These systems are used with a constraint damping scheme.

Well-posed constraint preserving, radiation controlling outer boundary conditions have

been constructed and are regularly used in applications. For a review, see [39]. As in

the moving-puncture case, computations using excision are generally performed using

the method-of-lines, but now, depending on the code, with either finite differences or a

pseudospectral approach to approximate spatial partial derivatives. Of these, the latter

has proven able to provide the most accurate data, over many orbits, on the market

to date. The generalized harmonic gauge excision method has been implemented for

example in the code of Pretorius [36] with finite differencing, in the SpEC code [40]

of the SXS collaboration, and in the bamps code [41, 42]. The latter codes employ a

pseudospectral approximation for spatial derivatives.

2.4.3. Relativistic fluids: An amazing range of phenomena can be modeled using a

perfect fluid ansatz,

T µν = (ρ+ p)uµuν − pgµν , (19)

for the stress-energy tensor. In the context of numerical relativity this is most relevant

for the investigation of neutron stars, one of the key sources of gravitational waves

for earth-bound detectors. Conservation of stress-energy provides only four equations

for the five algebraically independent variables contained in p, ρ and uµ. The system

must therefore be closed by an equation of state, an equation relating the pressure p

to the other variables. Quantifying the equation-of-state is one of the major goals



of gravitational wave astronomy. The equations are then written typically in a flux-

balance law form [43]. The high-resolution-shock-capturing numerical methods used to

treat these equations are constructed mindful of discontinuities which can form during

evolution. In moving-puncture codes, general relativistic hydrodynamics is implemented

on, or essentially on, the same grid used for the metric evolution. In SpEC the situation

is more complicated [44] because the two sets of grids are distinct. Considerations for

magnetized fluids are similar.

3. Open problems

There are several aspects involved in comprehensively solving problems in computational

physics. Focusing on problems in continuum mechanics we would ideally like to have

a complete theoretical understanding at the continuum level. This includes, as a first

step, an unambiguous formulation as a PDE, and naturally a proof of well-posedness

of that problem. This understanding will not include analytical solutions, as a basic

point to understand about nonlinear PDEs is that we can not hope to find closed form

solutions in anything but the most special situations. We would also ideally have a set

of approximation methods whose solutions were be proven to converge to those of the

continuum system, which is unfortunately not presently the case in numerical relativity.

If these conditions are satisfied, one might call the problem solved in principle. Such a

solution is not of much value unless it can serve in practice too. For that the methods

should have a computational cost that can give solutions with the desired error bars with

available resources. The actual work of implementation is needed, preferably within a

code-base that can be employed for a range of problems. Although the reality is more

complicated and interconnected, one can view this as a sort of workflow for the subject.

Much of the physics to be extracted from any computation happens at the next stage of

this workflow, in analysis and visualization from the produced data. That is particularly

the case in modern numerical relativity as employed for waveform modeling.

Numerical relativity is a multidisciplinary subject, but different communities have

different values and standards of proof. This has consequences on the subject. For

example it may be that there is some item outstanding earlier on in the aforementioned

workflow that is expected not to contribute to error at the leading order, and therefore

given a low priority or forgotten about completely. And it may simply be that some

problems are put to one side because they are too difficult! But if we take the most

stringent criteria throughout the pipeline, so that everyone can agree about what

constitutes principle and practical solutions, we can classify the status in the following

manner. A particular problem could be truly solved, solved in principle but not in

practice, solved in practice but not in principle, or finally completely open. Either of the

first and third of these possibilities may be perfectly fine for our scientific purposes, but

my view is that we should remain mindful of the true status, warts and all, of a particular

problem. Partially with the motivation of dispelling the notion that certain problems

are done, in the following I take the most conservative situation of asymptotically flat
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Figure 1. In the left panel the setup for Cauchy-characteristic-matching is sketched in

a Penrose diagram. In the central region we see the spacelike slices of constant t which

are glued to outgoing-null hypersurfaces along a timelike world-tube. In the middle

panel we see the same but for hyperboloidal slices, which are everywhere spacelike

but which intersect future-null infinity rather than spatial infinity. These figures were

kindly provided by A. Vañó-Viñuales. Finally in the right-most panel, taken from [45],

a scalar-field solution is plotted. The computation was performed in full GR, minimally

coupled to a scalar-field, all of the way out to future-null infinity on hyperboloidal slices.

solutions in 3 + 1 dimensions, in plain general relativity, and present a number of open

problems lying somewhere on the scale indicated above.

3.1. The weak-field region

Asymptotically flat spacetimes are those in which there exists, away from a potentially

non-empty strong-field region, a sense in which the metric is a perturbation of the

Minkowski metric that gets smaller as we go closer to infinity. Depending on the

application we have in mind this notion can be formalized in different ways. Among

these, the use of conformal compactification [46] is perhaps the best known. A common

feature is the existence of coordinates in which the metric takes a simple form, plus

the notions of spatial infinity and future null-infinity. Intuitively these can be thought

of as the idealized place where spacelike and null geodesics in the weak-field region,

respectively, terminate. Most relevant for our needs is future null-infinity, the endpoint

of future directed null geodesics, where gravitational waves are unambiguously defined.

My first open problem is the inclusion of future null-infinity in the evolution of

generic asymptotically flat initial data. Given all of the complications we face in the

treatment of compact binary spacetimes it might seem counter-intuitive that our first

problem concerns the weak-field. But the challenge is not to manage the data itself,

but rather the fact that the weak-field region is huge! After-all, computers have finite

memory, so at first glance it would not seem possible to evolve all of the way out to



infinity. In present simulations an approximant of the wave at null-infinity is extracted

at a number of finite radii and then, incurring error, extrapolated outwards.

There are two main proposals to allow us to actually reach null-infinity. These are

Cauchy-characteristic-matching and the use of hyperboloidal slices. The idea is to work,

in the weak-field region, on outgoing characteristic slices glued to standard spacelike

slices covering the strong-field region in the first case, and instead slices that are spacelike

everywhere but nevertheless terminate at future-null infinity in the second. In either

instance the idea is to use compactified coordinates on these slices to draw infinity to a

finite coordinate. See the first two panels of figure 1 for an illustration. The canonical

example of such a compactification is arctan. The main point to understand is that

if we were to introduce such a compactification on Cauchy slices, which terminate at

spatial infinity, then in our local coordinates outgoing pulses would be blueshifted in

our local coordinates and eventually fail to be resolved at any finite resolution. On

either characteristic or hyperboloidal slices however, perhaps after making a careful

choice of compactification, this can be avoided for the outgoing pulses that we wish to

measure! Incoming pulses near null-infinity are poorly resolved, but should be be absent

in asymptotically flat spacetimes, so this shortcoming is expected to be acceptable.

In either approach, the main technical complication appears with the

compactification which inevitably introduces divergent quantities. The difficulty is in

putting together these quantities with the expected fall-off of the metric itself, so that

equations with enough regularity to be solved can be secured. For linear wave equations

in fixed spacetimes, regularization techniques are well known, and nowadays signals can

be computed at null-infinity [47] routinely. For full GR, this approach was spearheaded

on hyperboloidal slices by Friedrich in the construction of the regular conformal field

equations [48, 49]. Here curvature quantities are introduced as variables. Although the

conformal field equations are manifestly regular, they differ substantially from other

formulations of GR used in numerical relativity. Perhaps because of this difference they

have not been given the same level of attention as other formulations, and in any case

have not been used successfully in the strong-field in the evolution of binary systems. It

is therefore desirable to have an approach which extends those other formulations used

in NR to null-infinity, rather than trying to reinvent the wheel in the strong-field region

using the conformal field equations.

My understanding of the status in the Cauchy-characteristic approach is that the

interface between the two domains is troublesome. This is probably because of the

challenge of gluing together solutions of different formulations of GR across the two

domains. A restriction of the approach, called Cauchy-characteristic-extraction [50],

has been developed. Here, only communication from the Cauchy to the characteristic

domain is incorporated. Cauchy-characteristic-extraction is hence is not a principle

solution to the problem, but is being used in applications [51–55]. The weakness of

Cauchy-characteristic-extraction is that as outer boundary effects from the Cauchy-grid

reach the world-tube forming the inner boundary of the characteristic grid, the resulting

waveforms are rendered physically incorrect. This problem can be mitigated by the use
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Figure 2. In the left panel the conformal factor from the evolution of binary black

hole initial data using the puncture method. These evolutions are performed using

a cylindrical-like curvilinear grid which corotates with the binary [62]. This figure

was kindly provided by Z. Etienne. In the right panel, lifted from [63], pointwise

convergence is examined for evolutions of a static TOV star. Once the stellar surface is

included in the domain the results suffer badly. Norm convergence does look somewhat

better, but is still not satisfactory. A complete analysis of the PDE problem could help

alleviate this problem.

of suitable outer boundary conditions, or indeed by simply making the extent of the

Cauchy domain large.

Recent progress has been made on the hyperboloidal approach along two lines. The

first, led by Vañó-Viñuales [45, 56, 57], is the natural development of a suggestion of

Zenginoǧlu [58], which is to introduce a conformal metric, but to work with the Einstein

field equations, rather than performing the full conformal regularization, and to simply

manage any remaining formally singular terms. The last panel of figure 1 contains a

plot of results obtained with this strategy. The second, introduced in [59] and further

developed in [60], is to employ the dual-foliation formalism [61]. The core idea is that,

instead of using a conformal transformation, we can work with a carefully chosen tensor

basis in which the variables have good behavior, which must exist by asymptotic flatness,

to regularize the field equations.

3.2. Compact objects

3.2.1. Large mass-ratio binaries: In going from ground to space based gravitational

wave detectors, reliable detections will be possible in the millihertz regime. This will

allow the detection of a host of new sources [64]. Important among these will be

intermediate and extreme mass-ratio black hole systems q = m1/m2 & 100. As indicated

in the introduction, at sufficiently large mass-ratio it will be possible to accurately

model these waveforms using self-force techniques, but estimating that range requires

comparison with solutions that only numerical relativity can provide. Although there



has been progress in comparing results, so far this is not systematic. The open problem

is to produce long, reliable waveforms in numerical relativity at these mass ratios. The

simulations of [65, 66] perhaps demonstrate that this is only a practical problem, but

it is a terrible one! Computationally there are difficulties in resolving multiple length-

scales, but a crucial difficulty appears also in the length of simulation required, because

from a fixed separation, the number of orbits to merger increases with mass ratio. We

therefore need to reduce the computational cost of binary black hole evolutions by orders

of magnitude, whilst simultaneously using new methods which allow perfect parallelism

so that brute force may be used whenever necessary. Is this remotely possible? Good

bets would seem to be first, to use coordinates better adapted to the problem, and

second to use spectral element or discontinuous-Galerkin methods. The first of these

strategies is being pushed impressively by Etienne and collaborators [67] using finite

differencing, see figure 2. The latter strategy is being implemented, for example, in the

bamps and SpECTRE codes [68, 69].

3.2.2. Improved black hole excision: As described in section 2.4, excision [35] is

an approach for managing the black region of spacetime by removing it from the

computational domain. Comparing the accuracy obstructing nonsmoothness present

in moving-puncture evolutions with the conceptual cleanliness of black hole excision

one is tempted to predict that, in the long-term, the latter will come to be favored

over the former. Unfortunately, whereas the moving-puncture approach is both robust

and simple, the correct idea that black hole interiors simply can not affect what occurs

outside does not carry over without complication to the PDE formulation of the problem.

Because of the global nature of the event horizon it is, as a matter of principle, impossible

to come up with an excision strategy that guarantees a priori that the excision surface

remains inside the black hole. Practically, however, the difficulty is in maintaining the

outflow nature of the excision surface, so that boundary conditions are not required. The

SpEC control mechanism [38] does a good job of enforcing this property, but does not

guarantee it. Having said that, there is nothing to stop us forcing an outflow surface,

even if we have moving black holes. It may even be possible to guarantee that the

apparent horizon remains on the computational domain. It is therefore desirable to

develop a more robust approach to excision, that could incorporate this in a superior

method that would hopefully be more robust in treating black hole mergers too.

3.2.3. Stellar surfaces: Binary neutron star systems, as exemplified by GW170817 [70],

are of crucial importance for gravitational wave astronomy. As for binary black holes,

accurate evolution and modeling of these systems is therefore imperative, but for a

myriad of reasons numerical modeling of neutron star systems is more difficult. Typically

neutron stars are modeled as a perfect fluid. As the stars merge, the fluid forms shocks,

and hence the solution can not be smooth. In this situation there necessarily will be

a hit to the accuracy. Earlier than that, when the objects are well separated and

slowly orbiting and one might naively expect smooth solutions, these simulations still
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Figure 3. In the left panel, kindly provided by the authors of [79], we see

plots of the areal radius r as a function of advanced time v at various different

retarded times, computed on a domain including a dynamical black hole interior, and

a positive cosmological constant. The blue curves intersect the Cauchy horizon. In

the right hand panel we show a snapshot of the logarithm of the absolute value of the

Kretschmann scalar in the evolution of near-critical Brill-wave initial data using the

bamps code [42, 80].

lose accuracy at the stellar surface, where the equations become singular as the density

vanishes. In fact, as shown in figure 2 this is an issue even with state-of-the-art methods

in evolutions of the trivial data [63, 71, 72]. The open problem here is to give, by

building perhaps on [73–77], a successful local well-posedness analysis for the initial-free-

boundary-value-problem for a formulation of general relativistic hydrodynamics that can

be used in applications, and develop numerical methods that can exploit the insight of

said proof. In this type of PDE problem one has to treat location of the boundary as

unknown alongside the rest of the variables. Following on from this one would like to

see a similar treatment for the equations of relativistic elasticity [78] so that neutron

star crusts could be properly modeled too.

3.3. Extreme spacetime regions

3.3.1. Black hole interiors: The strong cosmic censorship conjecture [81] can be

understood as a statement of global uniqueness of solutions to GR given generic

initial data. The boundary of the domain of dependence of a set of initial data is

called a Cauchy horizon. If a black hole interior has a sufficiently smooth Cauchy

horizon exists then cosmic censorship could fail. Following the influential heuristic

and numerical calculations of [82–85] this question has received much attention in

mathematical relativity. A natural role for NR is to investigate the generic behavior

in the approach to a Cauchy horizon, the null singularity expected to replace it, or in

the construction of counterexamples to the conjecture. But this requires very different



techniques than those used to manage black hole exteriors. For example the popular

strategy of singularity avoidance can not help if we wish to compute data very close

to a singularity. Following on from [86], in which calculations were performed in the

linearized setting on a fixed background, in [79] double-null coordinates were successfully

used, in spherical symmetry, in computing dynamical black hole interiors, see figure 3.

Going beyond spherical symmetry without damaging hyperbolicity however may require

a considerable change to the formulation employed. The challenge is to develop a

formulation that allows reliable computation without symmetry, arbitrarily close to

the Cauchy horizon, which is expected to be singular in some precise sense. See [87] for

another recent numerical study in this direction.

3.3.2. Near critical spacetimes: In the early 1990s Choptuik discovered critical

phenomena in gravitational collapse near the threshold of black hole formation [88]. This

discovery was made in the simple context of spherical symmetry, with a massless scalar

field minimally coupled to gravity. Since then these findings have been confirmed in

spherical symmetry with various different matter models, see [89] for a review. This has

resulted in a detailed heuristic model of critical collapse, namely that there exist unique

critical solutions exhibiting some form of self-similarity, and that in linear perturbation

theory, these solutions have one unstable mode. Perturbations will generically display

characteristics of that mode as data close to criticality is taken. Critical solutions are

particularly interesting because they contain naked singularities and are thus relevant to

the weak cosmic censorship conjecture. Numerical work beyond spherical symmetry still

leaves much to be desired however. For instance, no group has successfully reproduced

early results on the critical collapse of gravitational waves [90]. See [91] for an overview

of various attempts. Recent work on this [42, 80], see figure 3, does start to hint at

critical phenomena, but it seems that both improved analytic and numerical methods

will be needed to truly crack the problem.

4. Conclusions

For good reason the evolution of compact binaries has long been accepted as the

core problem for numerical relativity to solve and as such has served to bind the

community together. With the breakthroughs of 2005 [19, 20, 92], and subsequent

developments in waveform modeling playing their role in the detection of gravitational

waves [93] that problem is, at least for practical purposes, solved to a very decent extent.

Regarding applications, the use of the methods developed on that long-road will surely

continue apace. But what of basic research and development? One occasionally hears

practitioners lamenting lost purpose and unity in the subject. But I do feel there is cause

for optimism. There is no reason why numerical relativity can not be broad enough to

play its proper role both in gravitational wave astronomy and elsewhere, and support

multiple core problems besides, with different researchers working on what interests them

most. We need only the courage to examine and discuss openly weaknesses in the status



quo. Eventually the solutions to those problems will become part of the mainstream

methods and benefit everyone. In this essay I tried therefore to give a positive overview

of this perspective and argued for specific fundamental open problems around which

basic research can, and will, cluster. These concerned various aspects of asymptotically

flat spacetimes, including the weak-field, compact objects and the treatment of extreme

regions of spacetime.
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Alex Vañó-Viñuales for allowing me to reproduce their figures. The essay was prepared

to accompany a talk given at the second global meeting of the GWverse COST Action

in January 2019; I am grateful to the organizers of the event for the opportunity. This

work was supported by the FCT (Portugal) IF Program IF/00577/2015, PTDC/MAT-

APL/30043/2017 the GWverse COST action Grant No. CA16104.

References

[1] Poisson E and Will C M 2014 Gravity: Newtonian, Post-Newtonian, Relativistic

(Cambridge, England: Cambridge University Press) ISBN 9781107032866

[2] Amaro-Seoane P 2018 Living Reviews in Relativity 21 4 ISSN 1433-8351 URL

https://doi.org/10.1007/s41114-018-0013-8

[3] Barack L and Pound A 2019 Rept. Prog. Phys. 82 016904 (Preprint 1805.10385)

[4] Husa S, Khan S, Hannam M, Pürrer M, Ohme F, Jiménez Forteza X and Bohé A
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