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The Tangherlini black hole

Metric of the type

d s2 = −f(r) d t2 + g−1(r) d r2 + r2 dΩ2
d−2;

f(r) = g(r) =
(
1 −

(
RH

r

)d−3
)

;

d = 4: Schwarzschild solution.
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Leading α′ corrections

Effective action in the Einstein frame

1

16πG

∫ √
−g
[
R− 4

d− 2
(∂µφ) ∂µφ+ e

4

2−d
φ λ

2
RµνρσRµνρσ

]
ddx,

λ =
α′

2
,
α′

4
(bosonic, heterotic).

Field equations

Rµν + λe
4

2−d
φ

(
RµρστR ρστ

ν − 1

2(d− 2)
gµνRρσλτRρσλτ

)
= 0;

∇2φ − λ

4
e

4

2−d
φ
(
RρσλτRρσλτ

)
= 0.
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α′-corrections to the dilaton

Dilaton field equation in the background of a Tangherlini
black hole:

((rd−2 − rRd−3
H

)φ′)′ = λ
(d− 2)2(d− 3)(d− 1)

4

R
2(d−3)
H

rd

First integration:
(
rd−2 − rd−3

H
r
)
φ′ = −λ (d− 2)2(d− 3)

4

r2d−6
H

rd−1
− (d− 3)Σ

For each d it is always possible to choose

Σ = − (d− 2)2

4
λrd−5

H
,

such that φ′ is regular at the horizon.
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α′-corrected dilaton solution

Solution:

φ(r)

λ
= −(d − 3)(d − 2)2

8(d − 1)r2

[
(d − 1) + 2

(
RH

r

)d−3

− 2
d − 1

d − 3

(
r

RH

)2

B

((
RH

r

)d−3

;
2

d − 3
, 0

)]

+
(d − 2)2

4R2
H

ln

(
1 −

(
RH

r

)d−3
)

with

B(x; a, b) =

∫ x

0
ta−1 (1 − t)b−1 dt.

Dilatonic black holesin heterotic string theory:perturbations and stability – p. 5/29



Asymptotic expansion

Close to infinity:

φ(r) ≈ Σ

rd−3
+

Σrd−3
H

2r2d−6
+

λ

8
(d − 2)(d − 3)

r2d−6
H

r2d−4
.

Solution of Boulware and Deser (1986), but:

φ(r) is of order λ;

secondary hair.
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The Callan-Myers-Perry black hole

The only free parameter is the horizon radius RH

(secondary hair), which is not changed;

f(r) = g(r) =(
1 −

(
RH

r

)d−3
) [

1 − λ (d−3)(d−4)
2

Rd−5
H

rd−1

rd−1−Rd−1
H

rd−3−Rd−3
H

]
;

α′ = 0: Schwarzschild-Tangherlini solution;

α′-corrected ADM black hole mass:

m =

(
1 +

(d − 3)(d − 4)

2

λ

R2
H

)
(d − 2) Ad−2

2κ2
Rd−3

H

dilaton vanishes classically and only gets α′-corrections
(1988).
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Dilatonic BH and compactified strings

Metric in ds = 10 (or 26) dimensions of the type

d s2 = −f(r) d t2+g−1(r) d r2+r2 dΩ2
d−2+h(φ) gmn(y) d ym d yn;

Solution:

h(φ) = (1 − 2

ds − 2
φ)2;

g(r) =

(
1 −

(
RH

r

)d−3
)
1 − (d− 3)(d− 4)

2

λ

R2
H

(
RH

r

)d−3 1 −
(

RH

r

)d−1

1 −
(

RH

r

)d−3




(Callan-Myers-Perry);
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Dilatonic BH and compactified strings

f(r) = g(r) + 4

(
1 −

(
RH

r

)d−3
)

ds − d

(ds − 2)2
(
φ− rφ′

)

=

(
1 −

(
RH

r

)d−3
)
1 − (d− 3)(d− 4)

2

λ

R2
H

(
RH

r

)d−3 1 −
(

RH

r

)d−1

1 −
(

RH

r

)d−3

− (d− 2)2

2

ds − d

(ds − 2)2
λ

R2
H

[
(d− 3)

(
RH

r

)2

+ 2
d− 3

d− 1

(
RH

r

)d−1

− 2B

((
RH

r

)d−3

;
2

d− 3
, 0

)]

+ (d− 2)2
ds − d

(ds − 2)2
λ

R2
H

ln

(
1 −

(
RH

r

)d−3
)

− (d− 2)2(d− 3)
ds − d

(ds − 2)2
λ

R2
H

(
RH

r

)d−3 1 −
(

RH

r

)d−1

1 −
(

RH

r

)d−3


 .
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Thermodynamical properties (I)

Wald entropy: S = −2πG
∫
Σ

∂L
∂Rµνρσ

εµνερσ

√
h dΩd−2;

εtr =
√

f
g ;

8πG ∂L
∂Rµνρσ εµνερσ =

(
−f

g + e
4

d−2
φλf ′′

)
g
f ;

At order λ = 0, Rtrtr = 1
2f ′′ = − 1

2r2
H

(d − 3)(d − 2), φ = 0,

f = g;

One gets S = AH

4

(
1 + (d − 3)(d − 2) λ

r2
H

)
(like CMP).
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Thermodynamical properties (II)

Temperature: T = limr→rH

√
g

2π
d
√

f
d r .

T =
d− 3

4rHπ

[
1 +

1

4(d− 1) (ds − 2)2
(
3d5 + (2γ − 3 (ds + 6)) d4

+ (27 − 2ds (ds + γ − 13) − 10γ) d3 +
(
12d2s − 83ds + 2γ (5ds + 8) + 28

)
d2

− 2 (ds (9ds + 8γ − 46) + 4γ + 38) d+ 2(d− 2)2(d− 1) (d− ds)ψ(0)

(
2

d− 3

)

− 28ds + 8ds (ds + γ) + 32)
λ

r2
H

]

α′–corrections decrease T for every relevant values of d
and ds. This suggests that T may reach a maximum.

For ds = 10, Tmax = 0.082√
α′

; for ds = 26, Tmax = 0.071√
α′

.

For ds = 10, Tcrit = 0.16√
α′

; for ds = 26, Tcrit = 0.08√
α′

.
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Black hole inertial and gravitational mass

MI =
(d − 2) Ωd−2

16πG
lim

r→∞
rd−3

(
1 − f (r)

)

=

(
1 +

(d − 3)(d − 4)

2

λ

r2
H

)
(d − 2) Ωd−2

16πG
rd−3
H .

MG =
(d − 2) Ωd−2

16πG
lim

r→∞
rd−3

(
1 − g (r)

)

= MI +
λ

r2
H

(ds − d) (d − 2)3

(ds − 2)2
(d − 2) Ωd−2

16πG
rd−3
H .
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General perturbation setup

Metric of the type

d s2 = −f(r) d t2 + g−1(r) d r2 + r2 dΩ2
d−2;

Variation of the metric

hµν = δgµν ;

Variation of the Riemann tensor:

δRρσµν =
1

2

(
R λ

µνρ hλσ −R λ
µνσ hλρ

− ∇µ∇ρhνσ + ∇µ∇σhνρ −∇ν∇σhµρ + ∇ν∇ρhµσ) .
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Perturbations on the (d − 2)-sphere

General tensors of rank at least 2 on the (d − 2)-sphere
can be uniquely decomposed in their tensorial, vectorial
and scalar components.

One can in general consider perturbations to the metric
and any other physical field of the system under
consideration.
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Tensorial perturbations of the metric

We consider only the tensorial part of hµν :

hij = 2r2HT (r, t)Tij

(
θi
)
, hia = 0, hab = 0

with
(
γklDkDl + kT

)
Tij = 0, DiTij = 0, gijTij = 0.

Di: (d − 2)-sphere covariant derivative, associated to
the metric γij .

Tij are the eigentensors of D2 on Sd−2

−kT = 2 − ℓ (ℓ + d − 3) are the eigenvalues of D2 on
Sd−2, where ℓ = 2, 3, 4, . . ..
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Tensorial perturbations of Rρσµν

δRijkl = [(3g − 1)HT + rg∂rHT ]
(
gilTjk − gikTjl − gjlTik + gjkTil

)

+ r2HT

(
DiDlTjk −DiDkTjl −DjDlTik +DjDkTil

)
;

δRitjt =

[
−r2∂2

tHT +
1

2
ff ′r2∂rHT + ff ′rHT

]
Tij ;

δRitjr =

(
−r2∂t∂rHT − r∂tHT +

1

2
r2
f ′

f
∂tHT

)
Tij ;

δRirjr =

(
−r g

′

g
HT − 1

2
r2
g′

g
∂rHT − 2r∂rHT − r2∂2

rHT

)
Tij .

All other tensorial perturbations are 0.
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Perturbations of the field equations

δ∇2φ − λ

4
e

4

2−d
φ
δ
(
RρσλτRρσλτ

)
+

λ

d− 2
e

4

2−d
φRρσλτRρσλτ δφ = 0,

δRij + λe
4

2−d
φ

[
δ
(
RiρστR ρστ

j

)
− 1

2(d− 2)
RρσλτRρσλτhij

− 1

2(d− 2)
gijδ

(
RρσλτRρσλτ

)]
+

4

d− 2
Rijδφ = 0.

Spherical symmetry, ∂kφ = 0, (a, b = r, t) :

δ∇2φ = gab∂a∂bδφ− gabΓ c
ab∂cδφ+ gij∂i∂jδφ− gijΓ k

ij ∂kδφ

− gijΓ a
ij ∂aδφ.

Using δ
(
RρσλτRρσλτ

)
= 0, we can set δφ = 0.
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Perturbed graviton field equation

(
1 − 2λ

f ′

r

)
r2

f
∂2

tHT −
(

1 − 2λ
g′

r

)
r2g ∂2

rHT −

−
[
(d− 2)rg +

1

2
r2
(
f ′ + g′

)
+ 4λ(d− 4)

g (1 − g)

r
− 4λgg′ − λr

(
f ′2 + g′2

)]
∂rHT +

+

[
ℓ (ℓ+ d− 3)

(
1 +

4λ

r2
(1 − g)

)
+ 2(d− 2) − 2(d− 3)g − r

(
f ′ + g′

)
+

+ λ

(
8
1 − g

r2
+ 2 (d− 3)

(1 − g)2

r2
− r2

d− 2

[
f ′′ +

1

2

(
f ′g′

g
− f ′2

f

)]2)]
HT = 0

can be written in the form

∂2
t HT − F 2(r) ∂2

rHT + P (r) ∂rHT + Q(r) HT = 0.
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The Master Equation

The perturbation equation can be written as a "master
equation"

∂2Φ

∂x2
− ∂2Φ

∂t2
=: VT Φ.

d x/d r = 1/
√

fg ("tortoise" coordinate);

Φ = k(r)HT ("master" variable);

VT : potential for tensor-type gravitational perturbations.
In classical EH gravity it is the same as the potential for
scalar fields (Ishibashi, Kodama);

k(r) =

1
4
√

fg
exp

(∫ (d−2)rg+ 1
2
r2(f ′+g′)+4λ(d−4) g(1−g)

r
−4λgg′−λr(f ′2+g′2)

2fg dr

)
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The string-corrected tensor potential

VT[f(r), g(r)] =
1

r4fg

(
ℓ(ℓ+ d− 3)r2f2g +

1

4
(d− 2)(d− 4)r2f2g2

+
1

4
(d− 6)r3f2gf ′ + r3fg2f ′ +

1

16
r4f2f ′2 +

3

16
r4g2f ′2

+
1

4
(d− 2)r3f2gg′ − 1

8
r4f(g + f)f ′g′ − 1

4
r4fg(g − f)f ′′

)

+
λ

r4fg

(
4ℓ(ℓ+ d− 3)(1 − g)gf2 + 2(d− 4)(d− 5)(1 − g)g2f2

+ (d− 4)rf2gf ′ + 2rℓ(ℓ+ d− 3)f2gf ′ + (d− 3)(d− 4)rf2g2f ′

+
1

2
(d− 6)r2f2gf ′2 + 2r2fg2f ′2 + (d− 4)rf2gg′ − 5(d− 4)rf2g2g′

+

(
d− 7

2

)
r2f2gf ′g′ +

1

4
r3f2f ′2g′ − 1

2
(d− 1)r2f2gg′2 − 1

2
r3f2f ′g′2

+
1

4
r3f2g′3 + (d− 2)r2f2g2f ′′ +

1

2
r3f2gg′f ′′ − 2r2f2g2g′′

+
1

2
r3f2gf ′g′′ − r3f2gg′g′′

)
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Study of the stability

That was the potential for tensor–type gravitational
perturbations of any kind of static, spherically symmetric
R2 string–corrected black hole in d–dimensions.

Solutions of the form Φ(x, t) = eiωtφ(x);

The master equation is then written in the Schrödinger
form, [

− d2

dx2
+ V

]
φ(x) =: Aφ(x) = ω2φ(x);

A solution to the field equation is then stable if the
operator A has no negative eigenvalues (Ishibashi,
Kodama; Dotti, Gleiser).
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"S-deformation" approach

Stability means positivity (for every possible φ) of the
following inner product:

〈φ,Aφ〉 =

∫ +∞

−∞
φ(x)

[
− d2

dx2
+ V

]
φ(x) dx

=

∫ +∞

−∞

[∣∣∣∣
dφ

dx

∣∣∣∣
2

+ V |φ|2
]

dx

=

∫ +∞

−∞

[
|Dφ|2 + Ṽ |φ|2

]
dx

with D = d
dx + S, Ṽ = V +

√
fg dS

dr − S2.
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"S-deformation" approach (cont.)

Taking S = −
√

fg
k

dk
dr we are left with

〈φ,Aφ〉 =

∫ +∞

−∞
|Dφ|2 dx +

∫ +∞

−∞

Q(r)√
fg

|φ|2 dx,

with

Q =
ℓ(−3 + d + ℓ)f

(
r2 + 4λ(1 − g)

)
+ r3(g − f)f ′

r3 (r − 2λf ′)

(after using equations of motion).
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Stability condition

The second term of 〈φ,Aφ〉 can be written as

∫ +∞

RH

Q(r)
|φ|2√
fg

dr.

For r > RH , f(r), g(r) > 0.

This condition keeps valid with α′ corrections as long as
the black hole in consideration is large, i.e. RH ≫

√
λ,

which is true in string perturbation theory.

This way the perturbative stability of a given black hole
solution, with respect to tensor–type gravitational
perturbations, follows if and only if one has Q(r) > 0 for
r ≥ RH .
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Stability of solutions with secondary hair

For any string theory corrected, spherically symmetric,
static solution, which has no dilaton field at the classical
level, one has

Q(r) ≃ ℓ(−3 + d + ℓ)f + r(g − f)f ′

r2

+ 2λ

(
ℓ(−3 + d + ℓ)f

(
2(1−g)

r + f ′
)

+ r(g − f)f ′2
)

r3
.

One will have Q(r) ≥ 0 for r ≥ RH , in any spacetime
dimension, as long as

(g − f)f ′ > 0 , 2
1 − g(r)

r
+ f ′(r)

∣∣∣∣
λ=0

> 0.
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Typical behavior of g − f and f ′

1.2 1.4 1.6 1.8 2.0

0.0005

0.0010

0.0015

g − f

1.2 1.4 1.6 1.8 2.0

1

2

3

4

f ′
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Stability of dilaton-coupled BH

At the classical level, the solution is unique (Tangherlini,
Myers, Perry) and one has

2
1 − g(r)

r
+ g′(r)

∣∣∣∣
λ=0

= (d − 1)
Rd−3

H

rd−2
,

which is positive for any r > RH .

This proves stability under tensor–type gravitational
perturbations of any spherically symmetric static
solution with no dilaton at λ = 0 for any d > 4.
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Scattering Theory

The equation describing gravitational perturbations to a
black hole solution allows for a study of scattering in this
spacetime geometry.

Classical result in EH gravity: for any spherically
symmetric black hole in arbitrary dimension, the
absorption cross–section of minimally–coupled
massless scalar fields equals the area of the black hole
horizon (Das, Gibbons, Mathur, 1997).

Universality of the low–frequency absorption
cross–sections of generic black holes in EH gravity
(Halmark, Natário, Schiappa, 2007)?

Work that needs to be done: trying to extend such
result with the inclusion of higher–derivative corrections.
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Conclusions

We found out the dilatonic black hole solution with R2

corrections in d dimensions;

We extended the perturbation theory to R2 stringy
gravity;

We studied the stability of black hole solutions under
tensor type gravitational perturbations, and proved the
perturbative stability of the dilatonic R2 black hole for
any space-time dimension.
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