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Introduction

» It is known, since the works of Mathisson and Papapetrou that
spinning particles follow worldlines which are not geodesics;

» In linearized theory, the gravitational force exerted on a spinning
pole-dipole test particle (hereafter a gyroscope) takes a form:
Fe = V(Bg.S) similar to the electromagnetic force on a magnetic
dipole (Wald 1972).

» But only if the gyroscope is at “rest” in a stationary, weak field!

> This analogy may be cast in an exact form (Natario, 2007) using
the “Quasi-Maxwell” formalism, which holds if the gyroscope’s
4-velocity is a Killing vector of a stationary spacetime.



Introduction

>

It is known, since the works of Mathisson and Papapetrou that
spinning particles follow worldlines which are not geodesics;

In linearized theory, the gravitational force exerted on a spinning
pole-dipole test particle (hereafter a gyroscope) takes a form:

Fc = V(Bg.S) similar to the electromagnetic force on a magnetic
dipole (Wald 1972).

» But only if the gyroscope is at “rest” in a stationary, weak field!

This analogy may be cast in an exact form (Natario, 2007) using
the “Quasi-Maxwell” formalism, which holds if the gyroscope’s
4-velocity is a Killing vector of a stationary spacetime.

There is an exact, covariant and fully general analogy relating the
two forces, which is made explicit in the tidal tensor formalism
(Costa & Herdeiro 2008).

We will exemplify how this analogy provides new intuition for the
understanding of spin curvature coupling.
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> F,, = Maxwell tensor

> Q. = dipole moment tensor
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Force on Magnetic Dipole

o DP* 1 _ .~
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> F,, = Maxwell tensor

> Q. = dipole moment tensor
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> In Relativity, electric and magnetic dipole moments do not
exist as independent entities;

> d and [i are the time and space components of the dipole
moment 2-Form.



Force on Magnetic Dipole

o DP* 1 _ .~
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> F,, = Maxwell tensor

> Q. = dipole moment tensor

—

» For a magnetic dipole (d = 0 in its proper frame):
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Force on Magnetic Dipole

o DP* 1 _ .~
e A

> F,, = Maxwell tensor

> Q. = dipole moment tensor

—

» For a magnetic dipole (d = 0 in its proper frame):

0 0 0 0
0 0 pw -
pr _ — g SHV
Q 0 —uF 0 e oS
0 w - 0

» SH¥ = Spin tensor;
» o = gyromagnetic ratio (= g/2m for classical spin)
DpPe 1

> FEM = 7d7— = EO'FM;CYSMV



Force on Magnetic Dipole
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» If Pirani supplementary condition S#” U, = 0 holds, then
S = MvTAS Uy,

> S% = spin 4-vector; defined as the vector that, in the particle’s
proper frame, S = (0, 5)



Force on Magnetic Dipole
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» If Pirani supplementary condition S#” U, = 0 holds, then
S = MvTAS Uy,
> S% = spin 4-vector; defined as the vector that, in the particle’s
proper frame, S = (0, 5)
DP* :
= UG#J)\FMV'(X U,\S, = aBﬁo‘Sﬁ

Fem = dr



Force on Magnetic Dipole

o DpPe 1 o el
FEMZidT :EO'FHV' S'u

» If Pirani supplementary condition S#” U, = 0 holds, then
S = MvTAS Uy,

> S% = spin 4-vector; defined as the vector that, in the particle’s
proper frame, S = (0, 5)

«a Dp~ TN Cuv;o ach
» B.g = *Fay.3U7 = magnetic tidal tensor

» Measures the tidal effects produced by the magnetic field
B* = xF% U7 seen by the dipole of 4-velocity U".



Force on Magnetic Dipole

FEM == O'Bﬁu\Sﬁ

» Covariant generalization of the usual 3-D expression (valid only
in a frame where the dipole is at rest!):

Fem = V(iZ.B)

> Yields the force exerted on a magnetic dipole moving with
arbitrary velocity.



Force on Gyroscope
Papapetrou equation:
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Force on Gyroscope
Papapetrou equation:

DPa 1
B cuv
Fe Dr 2 ﬁ’“’U "

» If Pirani supplementary condition $#”U, = 0 holds, then
SH = TAS Uy
DP* 1

Dr 2w

TARMP UL UpS, = —H*SP

» H,3 ="Magnetic part of the Riemann tensor”



Magnetic-type Tidal Tensors

The electromagnetic force exerted on a magnetic dipole and the
gravitational force causing the non-geodesic motion of a spinning
test particle are analogous tidal effects:

e Electromagnetic Force on a Magnetic Dipole

(Covariant form for Figp; = V(fi.B))

=oBS", B% =*F% U’

e Gravitational Force on a Gyroscope
(Papapetrou-Pirani equation)
DP*
Dt

o — o «@ a « Brro
Fg = = —HOST, H® =#R%, ,U°U

> Suggests the physical analogy: B.3 «— H,3
» B.s = magnetic tidal tensor;
» H,3 = gravito-magnetic tidal tensor.



Magnetic-type Tidal Tensors

The electromagnetic force exerted on a magnetic dipole and the
gravitational force causing the non-geodesic motion of a spinning
test particle are analogous tidal effects:

e Electromagnetic Force on a Magnetic Dipole

(Covariant form for Figp; = V(fi.B))

[ DP& (o7 o — «
< Fgy = —p— =0B}S", B =xFg U

e Gravitational Force on a Gyroscope
(Papapetrou-Pirani equation)
DpP~
Dt

a _ « a a Brro
Fg — _H*S7, HY =xR%  U°U

» o = u/S = gyromagnetic ratio = equals 1 for gravity
=S



Magnetic-type Tidal Tensors

The electromagnetic force exerted on a magnetic dipole and the
gravitational force causing the non-geodesic motion of a spinning
test particle are analogous tidal effects:

e Electromagnetic Force on a Magnetic Dipole

(Covariant form for Figp; = V(fi.B))

=oBS", B% =*F% U’

_ o Gravitational Force on a Gyroscope

V" (Papapetrou-Pirani equation)

DP*
Dt

a — _ _mmaQy o — @ Brro
F& = =-H7S7, H% =%R%,,U°U
» Relative minus sign: mass/charges of the same sign

attract/repel one another = antiparallel charge/mass currents

repel /attract.



Magnetic Tidal Tensor Gravito-Magnetic Tidal tensor

Antisymmetric part: Antisymmetric part:

B[aﬁ] - % * Faﬁ;fy U — 2ﬂ-€(xﬁo'fng U7 H[aﬁ] = _47‘-604507-]0 U~
» Covariant form for

=

. OF .
B=—+4nj
V x 8t+ T

Trace: Trace:
B, =0 H* =0
» Covariant form for

V-B=0




Magnetic Tidal Tensor

Antisymmetric part:
Bog = % * FapinUY = 2meqgoqyjo U

» Space projection
of Maxwell equations:

Gravito-Magnetic Tidal tensor

Antisymmetric part:
H[aﬁ] = —4meqgoyJ7 U

» Time-Space projection
of Einstein equations:

Fa;[; _ J,G RHV =8 (THV — %g,w Taa)
Trace: Trace:
B, =0 H% =0

» Time projection
of Bianchi Identity:

*FP =0

» Time-Time projection
of Bianchi Identity:

yaoo
*R %3—0




Electric-type Tidal Tensors

Electric-type tidal forces are described in an invariant way through
the wordline deviation equations:

e Electromagnetic

D26z~ qd o o0 — o
W:EE,YCSQZY, E'Y:FB Uﬁ

e Gravitational (geodesic deviation)
U(J, U(J, D2 6{1:&

e D72

ox

— _R® 57 o — pa Brre
=—-E ,Y(SSU , E . ﬁfyo'U U
which yield the acceleration of the vector 0x® connecting two
particles with the same (Ciufolini, 1986) 4-velocity U — and the

same g/m ratio in the electromagnetic case.
(Notation: Fo3 = Maxwell tensor, Ra3,- = Riemann tensor)



Electric-type Tidal Tensors

Electric-type tidal forces are described in an invariant way through
the wordline deviation equations:

e Electromagnetic

D25z q I,
D2 EEO[V&C’Y’ £ = UP

e Gravitational (geodesic deviation)
vel |ue D25z

—! D72

_ « a — po Brro
— —E% 827, E% = UsU
ox®

Byo
> Suggests the physical analogy: E.z «— E.z3

> E,g3 is the covariant derivative of the electric field

E* = F**U, measured by the observer with (fixed) 4-velocity
ue;



Electric-type Tidal Tensors

Electric-type tidal forces are described in an invariant way through
the wordline deviation equations:

e Electromagnetic

D26z~ qd o o0 e
W:EEVO‘QZV, E'Y:FB§'YU6

e Gravitational (geodesic deviation)
U(J, U(J, D2 63’:&

et 2
ox Dr

S nleY ¥ a — pa Brro
— —E* 627, E° =R% UU
> Suggests the physical analogy: E.3 «— E.z3

» Hence:

» E,p = electric tidal tensor; E.3 = gravito-electric tidal tensor.



Analogy based on tidal tensors (Costa-Herdeiro 2008)

Electromagnetism Gravity
Worldline deviation: Geodesic deviation:
D?6x* g D?5x~

_ &} — R 5B

Dr2 ;Eaﬂéx Dr? Eg0x

Force on magnetic dipole: Force on gyroscope:

DPS ¢ DPS
7:780455 :_Haﬂs

Dt 2m “ Dt ¢
Maxwell Equations: Egs. Grav. Tidal Tensors:

E®, =4mp, E®, =41 (2pm+ T%)
1
Ejop) = 5FapyU? Eag =0
B%, =0 H* =0

B[aﬁ] = %* Fag;,},U7 — 27T€a507jg U H[aﬁ] == —4-7['6&507JUU7




The Gravitational analogue of Maxwell’s Equations

Electromagnetism Gravity
Maxwell Equations Egs. Grav. Tidal Tensors
E®, = 47p. E®, =471 (2pm+ T2)
B =0 H* =0
1 ~
Elag) = 3Fapin U7 Efap =0

Blag) = 3 * Fapn U = 2MeaporjU7  Hiag) = —4T€apgyJ7 U7

» Strikingly similar when the setups are stationary in the
observer’s rest frame (since Fng.,U” and xF,g.,U" vanish).



The Gravitational analogue of Maxwell’s Equations

Electromagnetism Gravity
Maxwell Equations Egs. Grav. Tidal Tensors
E®, = 47p. E®, =471 (2pm+ T2)
B =0 H* =0
1 ~
Elag) = 2Fap U Efap =0

Blag) = 3 * Fap U7 = 2meaporj7U7  Hiag) = —4meapor J7U

» Charges: the gravitational analogue of p¢ is 2pm + T,
(pm + 3p for a perfect fluid) = in gravity, pressure and all
material stresses contribute as sources.



The Gravitational analogue of Maxwell’s Equations

Electromagnetism Gravity
Maxwell Equations Egs. Grav. Tidal Tensors
E®, = 47p. E®, =471 (2pm+ T2)
B =0 H* =0
1 ~
Elag) = 2Fap U Efap =0

B[ocﬁ] = %* Faﬁw U” — 27T€aﬁom/ja u” H[Ocﬁ] = _47r€aﬁ0"yJUU7

» Ampére law: in stationary (in the observer's rest frame)
setups, equations By, and Hj,g match up to a factor of 2 =
currents of mass/energy source gravitomagnetism like currents
of charge source magnetism.



The Gravitational analogue of Maxwell’s Equations

Electromagnetism Gravity
Maxwell Equations Egs. Grav. Tidal Tensors
E®, = 47p. E®, =471 (2pm+ T2)
B%, =0 H* =0
Ejop) = 2Fapn U7 Efop) =0

Blag) = 3 * Fapn U = 2MeaporjU7  Hiag) = —4T€apgyJ7 U7

» Absence of electromagnetic-like induction effects in gravity:

» K, always symmetric = no gravitational analogue to
Faraday's law of induction!



The Gravitational analogue of Maxwell’s Equations

Electromagnetism Gravity
Maxwell Equations Egs. Grav. Tidal Tensors
E®, = 47p. E®, =471 (2pm+ T2)
B =0 H* =0
1
Elag) = 2Fap U Efap =0

Blag) = % * FapyUT = 2meapqy 7 UY Hiop) = —47cagoJ7U7

» Absence of electromagnetic-like induction effects in gravity:

» Induction term xF,g., U7 in B3 has no counterpart in Hi,g
= no gravitational analogue to the magnetic fields induced by
time varying electric fields.



Magnetic dipole vs Gyroscope

Electromagnetic Force Gravitational Force
on a Magnetic Dipole on a Spinning Particle
B 9 pa B ,
Fiy = %5“35@ Fg = -H*’S,

The explicit analogy between F,’?M and Fg is ideally suited to:
» Compare the two interactions: amounts to compare B,z and
H,s, which is crystal clear from the equations for tidal tensors:

Magnetic Tidal Tensor Gravito-Magnetic Tidal tensor

B[aﬁ] = % * Fapn U7 — 2mengorjo U7 H[aﬂ] = —4menpoyJ7UY
B, =0 H*, =0




Magnetic dipole vs Gyroscope

Electromagnetic Force Gravitational Force
on a Magnetic Dipole on a Spinning Particle
I¢] q ( 164 Y
Fiy = %B“f”sa Fg = -H*’S,

The explicit analogy between F,’?M and Fg is ideally suited to:
» Compare the two interactions: amounts to compare B,z and
H,s, which is crystal clear from the equations for tidal tensors:

» Unveils similarities between the two forces which allow us
visualize, in analogy with the more familiar electromagnetic
ones, gravitational effects which are not transparent in the
Papapetrou’s original form.

» and fundamental differences which prove especially
enlightening to the understanding of spin-curvature coupling.



Some Fundamental Differences

Electromagnetic Force Gravitational Force
on a Magnetic Dipole on a Spinning Particle
B 9 pa B ,
Fiy = %5“35@ Fg = -H*’S,

» B, is linear, whereas H,gz is not

» In vacuum Hj,z = 0 (symmetric tensor);

> Blog = % % Fap,UY 5 0 (even in vacuum)

» H,3U% = 0 (spatial tensor) = FgUg =0 (it is a spatial
force).

> BaﬁUB #0= F,?M Ug # 0 (non-vanishing time projection!)



Symmetries of Tidal tensors

Electromagnetic Force Gravitational Force
on a Magnetic Dipole on a Gyroscope
B _ q 8 B _ Bca
FEM—%BO‘ S,,( FG__H()( 5
Magnetic Tidal Tensor Gravito-magnetic Tidal Tensor
B[aﬁ] = %* Fang'Y - 27‘(’6(;,45(-,,YJ'UU’y H["ﬁ] = 7471'60‘30,‘/_/0 u»

» If the fields do not vary along the test particle’s wordline,
*Fap., U7 = 0 and the tidal tensors have the same symmetries.

» Allows for a similarity between the two interactions.



Gravitational Spin-Spin Force

i
- FEM

r- j)rirf] 5 Jop

An analogy already known from linearized theory (Wald, 1972), and
usually cast in the form:

Fe = —V(S- Bg)



Gravitational Spin-Spin Force

i
- FEM

, 7-J) . (i Ji) 7o Nrir -
F,G:3 (rrJ)6U+2rJ _5(r J)rr]st u

An analogy already known from linearized theory (Wald, 1972), and
usually cast in the form:

= 0

Fe = —V(S-Bg)+ ()t(”kok)Sej

» Holds only if the gyroscope is at rest and the fields are stationary.



Gravitational Spin-Spin Force

i
- FEM

, 7-J) . (i Ji) 7o Nrir -
F,G:3 (rrJ)6U+2rJ _5(r J)rr]st u

An analogy already known from linearized theory (Wald, 1972), and
usually cast in the form:

= 0

Fe = —V(S-Bg)+ ()t(”kok)Sej

» Not suitable to describe motion; accounts only for spin-spin coupling.



Gravitational Spin-Spin Force

i
- FEM

, 7-J) . (i Ji) 7o Nrir -
F,G:3 (rrJ)6U+2rJ _5(r J)rr]st u

An analogy already known from linearized theory (Wald, 1972), and
usually cast in the form:

= 0

Fe = —V(S-Bg)+ ()t(”kok)Sej

» Not suitable to describe motion; accounts only for spin-spin coupling.



The gyroscope deviates from geodesic motion even In the absence of
rotating sources (e.g. Schwarzschild spacetime).

An effect readily visualized using the explicit analogy (always valid!!):

Force on a Magnetic Dipole Force on a Gyroscope
s _ 4 B 3 af
FEM — ﬂBa Sa FG =-H 35Q

> It the magnetic tidal tensor, as seen by the test particle, that
determines the force exerted upon it;

» Hence the gyroscope deviates from geodesic motion by the same
reason that a magnetic dipole suffers a force even in the coulomb
field of a point charge: in its “rest” frame, there is a non-vanishing
magnetic tidal tensor.



Symmetries of Tidal tensors

Electromagnetic Force Gravitational Force
on a Magnetic Dipole on a Gyroscope
s _ 9 gop 8 _ B
FEM—%BO‘ S(,( FG__H()( 5
Magnetic Tidal Tensor Gravito-magnetic Tidal Tensor
B[aﬁ] = %* Fang'Y - 27‘(’6(;,45(-,,YJ'UU’y H["ﬁ] = 7471'60‘30,‘/_/0 u»

> If the fields vary along the test particle’s wordline, the two
interactions differ significantly.

» In vacuum, H,g) is always symmetric, whereas B, is not :
Blag) = 5 * Fapy U7



Radial Motion in Coulomb Field

» The dipole sees a time varying electric field;
> Thus, Bjag) = 5 * Fagy U #0

qQ

2mr3

(V x S)




Radial Motion in Schwarzschild

> No analogous gravitational effect: F& = 0 = gyroscope moves
along a geodesic.



Scalar Invariants

The Riemann tensor (20 independent components) splits irreducibly
into three spatial tensors (Louis Bel, 1958):

¥ T AR
RY = 4{2U[auh+g[a }Em
+2 {EQB/WH“[& U0 + ol 50, UV}

Feapue O, {4, 4 B, - g,

Fog = *R *aup, UFUY

> E.3, Fop: spatial, symmetric tensors = 6 independent
components each;

» H,p: spatial, traceless tensor = 8 independent components

> [,z has no electromagnetic analogue.



Scalar Invariants

The Riemann tensor (20 independent components) splits irreducibly
into three spatial tensors (Louis Bel, 1958):
» in vacuum Fo5 = —E.3

5]
42 {eappu BODND + 095, 50,0, )

N P A P 0
RY = 4{20,00+g [} E

+€aﬁlwewm 0t U, {FVT +E, - gTVfEPP}

Fog = *R *aup, UFUY

> E.3, Fop: spatial, symmetric tensors = 6 independent
components each;

» H,p: spatial, traceless tensor = 8 independent components

> [,z has no electromagnetic analogue.



Scalar Invariants

» in vacuum Fo5 = —E.3

5]
42 {eappu BODND + 095, 50,0, )

5o_ T b ol
RY = 4{2U[auh+g[a”}E

> Eog and H,pz completely encode the 14 (6+8) independent
components of the Riemann tensor in vacuum (Weyl Tensor).



Scalar Invariants

Although each of these spatial tensors is determined by the
4-velocity U of the observer measuring it:

Eag = RQMBVU'LLUV
Ha@ = *Ra'ugl,U‘uUV

it can be shown that the following expressions are observer
independent (in vacuum):

1
EEy, — HH,, = gRaﬁ,ﬂ;RaW
1

> gravitational tidal tensors form scalar invariants!



Scalar Invariants

> in vacuum

1
EEq, — HYH,, = 5 Rasvs RB70
1

» Formally analogous to the electromagnetic scalar invariants:

BB = FuF

N 1
EB = ——Fu3xF
4



Scalar Invariants

> in vacuum

1
EEoy — HHay = ZRapsR™
1
EQ’YHQW = EROéﬂ’WS * Ra’ng

» Formally analogous to the electromagnetic scalar invariants:

BB = FuF

L. 1
EB = —F,gxF*’
4
» This is a purely formal analogy, relating electromagnetic

fields with gravitational tidal tensors (which are one order
higher in differentiation!)



Scalar Invariants — Electromagnetism

S . 1
E?-B? = -3 wpFoP
- 1
EB = — g x FP

» E.B=0and E2— B2 >0 = there are observers for which
the magnetic field B vanishes.

» E.B=0and E2 — B2 < 0 = there are observers for which
the electric field E vanishes.



Scalar Invariants — Electromagnetism

2 = 1
E?-B* = -3 agF?

S o 1
EB = - o x FOP

» E.B=0and E2— B2 >0 = there are observers for which
the magnetic field B vanishes.

» E.B=0and E2 — B2 < 0 = there are observers for which
the electric field E vanishes.

» E2— B2 and E.B are the only algebraically independent
invariants one can define from the Maxwell tensor F®5.



Scalar Invariants — Gravity (Vacuum)

In vacuum, one can construct 4 independent scalar invariants from
Riemann tensor (would be 14 in general):

E*Eqy — H*'Hay
E* Hea
*ES B, — 3E%HC HY,

HH5 H, — 3E%ES H,,

1

1
L 5sRP = ZR.R
g 7 8

1
Rapys % R0 = ER.*R

16
1

af pA o PP _
5 RARY s RPRY 5 = A

1
= R RM RF xR =

16 of =

» R*R =0 and R.R # 0 is not sufficient to ensure that there
are observers for which Hg,, (or Eq-) vanishes.

> Needs also M = 13/J% — 6 to be real positive, where

1

I=-R-R +-%R-R. J=A—iB

8

8



Scalar Invariants — Gravity (Vacuum)

In vacuum, one can construct 4 independent scalar invariants from
Riemann tensor (would be 14 in general):

1 1
EYEay —HHay = 3 Rapys R = gRR
1 s 1
E*H,, = ERQM * ROBYO = RR.*R
1
_ 8 pA o _
GELE, - 3EGHIH Y, = R RYRITRY, 5= A
1 hap pa _
HaﬂHﬁ’YH’Ya — 3EaﬁEﬁ7H7a = ERO‘ iR R xR =B

» M >0 (real), R*R =0 and R.R > 0 = there are observers
for which H,,, vanishes (“Purely Electric” spacetime) .

» M >0 (real), R*R =0 and R.R < 0 = there would be
observers for which E,~ vanishes (but there are no known
“Purely Magnetic” vacuum solutions; conjecture: do not exist)



« a 6m2 3 2
E*Eqy — H*"Hyy & —— > 0; I° = 6J% (Petrov D)
r
Kerr metric:
1
w =0 in the plane § = /2
r

> In the equatorial plane & = /2, there are observers for which
locally H,, =0:

E*VH,, ~

,”//XI“’“\\\\\
”////l¢\\\\\\\
f/////‘/«\\\\\ » \1_},: a €¢7
f’/////k\:\\ LI S ¥ a2_|_7.2

LI T
LA A
L i/ IR I ST oz’
R — AR
LI T Y \\*/// A Mass m
. o A A A A Angular Momentum J
LT L U U U N
\\\\\\\,1111114
‘\\\\\**»,///#l
u® a?
» Observers such that v® = — = —=— (not the
t 82+r2

“co-rotating” observers!)



» Impossible in the electromagnetic analog.

» A moving dipole sees a time-varying electromagnetic field;
» Thus B,3 must be non vanishing (consequence of
V x B = 0E /dt):

1
B[a,@] = § * Fag;,yU'y 7é 0= Bag 75 0



g g _ 9 12(5 + 3 cos 20)

o "o 2r6 >0
Spinning Charge:
= = 2uqgcost .
E.B= ,uqis = 0 in the plane § = /2
r
> In the equatorial plane § = /2, there are observers for which

locally B =0:

P r b s A ok a W N > % »

[ G S T T

PP b oh S e e A N T T NN J

A N N S O O U >

[ A A A V= €g
o L amr?
vy ’1 Py

A\ \‘ \ / f O Charge ¢, Mass m

. A A 4 4y Dipole Moment g

AR I D SN ! Angular Momentum J

U U N ) e A A A 4
S g AR

Ky P £ « 4 4

Qb Ud) J “w . ”
> Observers such that v? = — = 53 (not the “co-rotating
mr

observers!)



Spinning Charge vs Spinning mass

Al
S
N
Y
b
A
4
‘
‘

A //;l(¢‘\\\\\\
P T T T T ////l+‘\\\\\\
b b op e T Y PR S A
e e L
NV LR S ST

Py Forosy
Tff44t R

AR AR
i /ffAAA I I RV

vy BT
oSS A e A A A

YA e RN

N L B N O N
\\\\\*l”{;:ié‘(b LU N N a _,Tzooig
¢ ¢
LN N G 2r? EU NN a?+1? 72

» For r — o0, the two velocities asymptotically match! (up to a
factor of 2)
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» No precession

ds
B=0= 9 =0

» There is a Force applied:
e q Ba
B, = Fg,=—B
370 EM = 5 S #0

(consequence of V x B = E /t)
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» Gyroscope precesses:
ds
— #0
L7
» No Force on Gyroscope:

Hap =0= F¢ = —H "S5 =0



Time projection of Fg;, in the dipole’s proper frame:

88

Fe Uy = —B%u; =
EM Hi 8t

» The magnetic dipole may be thought as a small current loop.

(Area of the loop
A = 47a%; | = current through the loop, ii =unit vector normal to the loop)

» The magnetic dipole moment is given by i = IAR



Time projection of Fg;, in the dipole’s proper frame:

0B ._ 9B . _ 00

F& :_BiO == —
emU =g = e ot

» The magnetic dipole may be thought as a small current loop.

‘ (Area of the loop
A = 4ra’; I = current through the loop, A =unit vector normal to the loop)

» BAR = ® = magnetic flux trough the loop



Therefore, by Faraday s law of induction:

BB 3B oo -
F& Uy, = —BOy; = iAl=""1=—1¢ Ed
emUa = Hi 81.' T ot %Ioop °

» E = Induced electric field

W

> Hence Fg,,U, is minus the power transferred to the dipole by
Faraday's law of induction.




> Fg,Us = DE/dT is minus the power transferred to the dipole
by Faraday's law of induction;

» yields the variation of the energy E as measured in the dipole’s
center of mass rest frame;

» is reflected in a variation of the dipole’s proper mass
m=—P*U,



Time Projection of F¢ — no gravitational induction

Since Hz is a spatial tensor, we always have

dm

_E:O

FeU, =

» No work is done by induction = the energy of the gyroscope,
as measured in its center of mass frame, is constant;

» the proper mass m = —P*U,, of the gyroscope is constant.

» Spatial character of gravitational tidal tensors precludes
induction effects analogous to the electromagnetic ones.



Time Projection of F¢ — no gravitational induction

Example: A mass loop subject to the time-varying “gravitomagnetic
field” of a moving Kerr Black Hole
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Time Projection of F¢ — no gravitational induction

Example: A mass loop subject to the time-varying “gravitomagnetic
field” of a moving Kerr Black Hole

Q, In the loop s rest frame:

-No work done on the loop




Time Projection of F¢ — no gravitational induction

Example: A mass loop subject to the time-varying “gravitomagnetic
field” of a moving Kerr Black Hole

CD, In the loop s rest frame:
T -No work done on the loop




Time components on arbitrary frames

» Electromagnetism:

In an arbitrary frame, in which the dipole has 4-velocity

UP = ~(1, V), the time component of the force exerted on a
magnetic dipole is:

~ DE_Fl,Us _.  (ldm
(FEM)O = —;—T—FE,\/IV,—— ;E—FFEMV,
= —(Pmech + Pind)

where E = —P; is the energy of the dipole and we identify:

1dm
» Ping = 5%

» Prech = F/_;Mv,- “mechanical”’ power transferred to the dipole
by the 3-force Fg,, exerted upon it.

= —FgMUﬁ/y = induced power



Static Observers — Electromagnetism
(FEI\/I)O = %BQOSO‘ = *Fa.y;o Uﬁ/Sa =0

» no work is done on the magnetic dipole.

» Related to a basic principle from electromagnetism: the total
amount of work done by a static magnetic field on an
arbitrary system of currents is zero.

F=qixB=FLVv

(Lorentz Force on each individual charge)



Static Observers — Electromagnetism

» When the fields are stationary in the observer’s rest frame,
(Fem)o = 0 = no work is done on the magnetic dipole.
> Prech and Ping exactly cancel out

-
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Static Observers — Electromagnetism

» When the fields are stationary in the observer’s rest frame,
(Fem)o = 0 = no work is done on the magnetic dipole.
> Prech and Ping exactly cancel out
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Static Observers — Electromagnetism

» When the fields are stationary in the observer’s rest frame,
(Fem)o = 0 = no work is done on the magnetic dipole.
» Prech and Ping exactly cancel out.

® Induced current

|

N




Static Observers — Gravity

» In gravity, since those induction effects are absent, such
cancellation does not occur:

DE :
(FG)OZ—F:—FIGW?&O

» Therefore, the stationary observer must measure a non-zero
work done on the gyroscope.

» That is to say, a static “gravitomagnetic field” (unlike its
electromagnetic counterpart) does work.

» And there is a known consequence of this fact: the spin
dependent upper bound for the energy released when two black
holes collide, obtained by Hawking (1971) from the area law.

» For the case with spins aligned, from Hawking's expression one
can infer a gravitational spin-spin interaction energy (Wald,
1972).



Static Observers — Gravitational spin interaction

Take the gyroscope to be a small Kerr black hole of spin
S = /525, falling along the symmetry axis of a larger Kerr black
hole of mass m and angular momentum J = am.




Static Observers — Gravitational spin interaction

Take the gyroscope to be a small Kerr black hole of spin
S = /525, falling along the symmetry axis of a larger Kerr black
hole of mass m and angular momentum J = am.
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Static Observers — Gravitational spin interaction

Take the gyroscope to be a small Kerr black hole of spin
S = /525, falling along the symmetry axis of a larger Kerr black
hole of mass m and angular momentum J = am.

Gravitational Radiation
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Static Observers — Gravitational spin interaction

Take the gyroscope to be a small Kerr black hole of spin
S = /525, falling along the symmetry axis of a larger Kerr black
hole of mass m and angular momentum J = am.

» The time component of the force acting on the small black
hole is given by:

DPg dE. 2ma(3r2—2a%)U'S
(Feo=p - =—y- =~ 2 . 23
T T (r* 4 a2)

Integrating this equation from infinity to the horizon one

obtains
™+ as
/ (Fg)0 =AE = ,
oo 2m |m+ vVm? — a2

which is precisely Hawking's spin-spin interaction energy for
this particular setup.



Conclusions

>

>

>

The tidal tensor formalism unveils an exact, fully general analogy
between the force on a gyroscope and on a magnetic dipole;

at the same time it makes transparent both the similarities and key
differences between the two interactions;

The non-geodesic motion of a spinning test particle not only can be
easily understood, but also exactly described, by a simple
application of this analogy.

This analogy sheds light on important aspects of spin-curvature
coupling;

» the fact that the mass of a gyroscope is constant (as signaling
the absence of gravitational effects analogous to
electromagnetic induction);

» namely, Hawking's spin dependent upper bound for the energy
released on black hole collision (as arising from the fact that
gravitomagnetic fields do work);

Issues concerning previous approaches in the literature were clarified
— namely, the limit of validity of the usual linear
gravito-electromagnetic analogy, and the physical interpretation of
the magnetic parts of the Riemann/Weyl tensors.
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