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••Building theBuilding the WheelerWheeler DeWittDeWitt EquationEquation••Building the Building the WheelerWheeler--DeWittDeWitt EquationEquation
••The The WheelerWheeler--DeWittDeWitt EquationEquation asas a a SturmSturm--LiouvilleLiouville problemproblem
••RelaxingRelaxing thethe LorentzLorentz SymmetrySymmetry in a MSSin a MSS approachapproach forfor a FLRWa FLRW••RelaxingRelaxing the the LorentzLorentz SymmetrySymmetry in a MSS in a MSS approachapproach forfor a FLRW  a FLRW  
modelmodel..
••TheThe CosmologicalCosmological ConstantConstant asas a Zero Point Energya Zero Point Energy••The The CosmologicalCosmological ConstantConstant asas a Zero Point Energya Zero Point Energy
ComputationComputation in the in the GravityGravity’s ’s RainbowRainbow contextcontext

••ConclusionsConclusions andand OutlooksOutlooksConclusionsConclusions and and OutlooksOutlooks
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WheelerWheeler--De De WittWitt EquationEquationqq
B. S. B. S. DeWittDeWitt, , PhysPhys. Rev.. Rev.160160, 1113 (1967)., 1113 (1967).
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GG isis the superthe super metricmetric•• GGijklijkl isis the superthe super--metricmetric,,
•• R R isis the scalar curvature in 3the scalar curvature in 3--dim.dim.
Example:WDW for Tunneling
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Example:WDW for Tunneling
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FormalFormal SchrSchröödingerdinger EquationEquation withwith zero zero eigenvalueeigenvalue whosewhose solutionsolution isis a a linearlinear combinationcombination ofof
AiryAiry’s ’s functionsfunctions (q=(q=--1   1   VilenkinVilenkin PhysPhys. Rev. D 37, 888 (1988).) . Rev. D 37, 888 (1988).) containingcontaining expandingexpanding solutionssolutions
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WheelerWheeler--De De WittWitt EquationEquationqq
B. S. B. S. DeWittDeWitt, , PhysPhys. Rev.. Rev.160160, 1113 (1967)., 1113 (1967).
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SturmSturm--LiouvilleLiouville EigenvalueEigenvalue ProblemProblemSturmSturm--LiouvilleLiouville Eigenvalue Eigenvalue ProblemProblem
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WheelerWheeler--De De WittWitt EquationEquationqq
B. S. B. S. DeWittDeWitt, , PhysPhys. Rev.. Rev.160160, 1113 (1967)., 1113 (1967).
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SturmSturm LiouvilleLiouville EigenvalueEigenvalue ProblemProblem VariationalVariational procedureprocedure
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WheelerWheeler--De De WittWitt EquationEquationqq
B. S. B. S. DeWittDeWitt, , PhysPhys. Rev.. Rev.160160, 1113 (1967)., 1113 (1967).

   
2

2 4
2

1 9 0
4 3

q
qH a a a a a

a a a G
                     

SturmSturm LiouvilleLiouville EigenvalueEigenvalue ProblemProblem VariationalVariational procedureprocedure

 

SturmSturm--LiouvilleLiouville Eigenvalue Eigenvalue ProblemProblem VariationalVariational procedureprocedure

   
2

23* q qd d d


         
 

   

   

2
2

0

4

3*
23 min

3 2
*

q q

a
q

d da a a a da
da da G

G
a a a da









          
          

   





Rayleigh-Ritz
Variational Procedure
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RelaxingRelaxing LorentzLorentz symmetrysymmetryRelaxingRelaxing LorentzLorentz symmetrysymmetry
Hořava Lifshitz theory UV Completion problems with scalar graviton in IRHořava-Lifshitz theory UV Completion, problems with scalar graviton in IR

Varying Speed of Light Cosmology Solve problems in the Inflationary phase
(horizon flatness particle production)(horizon,flatness, particle production)

Gravity’s Rainbow Like VSL. Moreover it allows finite calculation to one loop.
The set of the Rainbow’s functions is too large A selection procedure is necessaryThe set of the Rainbow s functions is too large. A selection procedure is necessary

At low energy all these models describe GR



Gravity’s RainbowGravity s Rainbow
Doubly Special Relativity

G. Amelino-Camelia, Int.J.Mod.Phys. D 11, 35 (2002); gr-qc/001205.
G. Amelino-Camelia, Phys.Lett. B 510, 255 (2001); hep-th/0012238.
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Curved Space Proposal  Gravity’s Rainbowp p y
[J. Magueijo and L. Smolin, Class. Quant. Grav. 21, 1725 (2004) arXiv:gr-qc/0305055]. 
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Gravity’sGravity’s Rainbow          Application to Rainbow          Application to InflationInflation
[[R. Garattini and M. Sakellariadou, R. Garattini and M. Sakellariadou, PhysPhys. Rev. D 90 (2014) 4, 043521; arXiv:1212.4987 [gr. Rev. D 90 (2014) 4, 043521; arXiv:1212.4987 [gr--qcqc]]]]

   2 2
2 2 2 Di d

N t a t
d d d FLRW i

 
 

 
 

2 2 2
32 2

1 2

    Distorted  
/ /

ds dt d FLRW metric
g E Ep g E Ep

   

 
     

22 2 2
2 2

2 2

3 /
1 0Pg E Eq aa a

                        2 2
1 2

0
2 / 3 /P P

a a
a a a Gg E E g E E            

   
2 22 2

2
2

3 41 0                  1
2 3

eff
eff

aq Ga a V
a a a G

 


                                    

GR 100 Years                    GR 100 Years                    1212LisbonLisbon



GravityGravity’s ’s RainbowRainbow ApplicationApplication toto HořavaHořava--LifshitzLifshitz theorytheory
[R. Garattini and [R. Garattini and E.N.SaridakisE.N.Saridakis, , Eur.Phys.J.Eur.Phys.J. C75 (2015) 7, 343; C75 (2015) 7, 343; arXivarXiv:1411.7257 [:1411.7257 [grgr--qcqc]]]]
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GravityGravity’s ’s RainbowRainbow ApplicationApplication toto HořavaHořava--LifshitzLifshitz theorytheory

    2If fi / 1E E f

[R. Garattini and [R. Garattini and E.N.SaridakisE.N.Saridakis, , Eur.Phys.J.Eur.Phys.J. C75 (2015) 7, 343; C75 (2015) 7, 343; arXivarXiv:1411.7257 [:1411.7257 [grgr--qcqc]]]]
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       Potential part of the 
Projectable Hořava-Lifshitz theory
without detailed balanced
Condition z=3Condition z=3

It is possible to build a map
Also for SSM
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Also for SSM



GravityGravity’s ’s RainbowRainbow ApplicationApplication toto HořavaHořava--LifshitzLifshitz theorytheory
[R. Garattini and [R. Garattini and E.N.SaridakisE.N.Saridakis, , Eur.Phys.J.Eur.Phys.J. C75 (2015) 7, 343; C75 (2015) 7, 343; arXivarXiv:1411.7257 [:1411.7257 [grgr--qcqc]]]]

1
0 12     1 g g      0b c GR  

Applying the Rayleigh-Ritz procedure we can find candidate eigenvalues
depending on the combination of the coupling constants
[R. [R. G., G., P.R.DP.R.D 86 123507 (2012) 86 123507 (2012) 7, 343; 7, 343; arXivarXiv:0912.0136 :0912.0136 [[grgr--qcqc]]]]
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MSS in a VSL MSS in a VSL CosmologyCosmologygygy
R.G. and R.G. and M.DeM.De Laurentis, Laurentis, arXiv:1503.03677

Albrecht, Barrow, Harko, Maguejio, Moffat..

The WDW equation becomes
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MSS in a VSL MSS in a VSL CosmologyCosmologygygy
R.G. and R.G. and M.DeM.De Laurentis, Laurentis, arXiv:1503.03677

0   PSetting a kl
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A A BriefBrief MentionMention toto GUPGUP

[[R. Garattini and R. Garattini and Mir Faizal;Mir Faizal; arXivarXiv:1510.04423:1510.04423 [[grgr--qcqc]] ]] 

Deformed Momentum

Deformed U.P.

Trial Wave Function

Flat space Higher Order Derivative
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Higher Order Derivative



G li tiGeneralization
From Mini-SuperSpace

toto
Field Theory in 3+1 

DimensionsDimensions

The Cosmological Constant
as a Zero Point Energyas a Zero Point Energy 

Calculation
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WheelerWheeler--DeDe WittWitt EquationEquationWheelerWheeler--De De WittWitt EquationEquation
B. S. B. S. DeWittDeWitt, , PhysPhys. Rev.. Rev.160160, 1113 (1967)., 1113 (1967).

      3

1
D h h d x h 



 


    Induced
Cosmological
‘‘Constant’’

     
   T

V D h h h  



 
 

   



Solve Solve thisthis infinite infinite dimensionaldimensional PDE with a PDE with a VariationalVariational
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ApproachApproach withoutwithout mattermatter fieldsfields contributioncontribution
 isis a trial a trial wavewave functionalfunctional ofof the the gaussiangaussian typetype

SchrSchröödingerdinger PicturePicture
SpectrumSpectrum ofof  dependingdepending on the on the metricmetric

Energy (Density)Energy (Density) LevelsLevelsEnergy (Density) Energy (Density) LevelsLevels
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EliminatingEliminating DivergencesDivergences usingusing
G itG it ’’ R i bR i bGravityGravity’s ’s RainbowRainbow

[[R.G. and R.G. and G.MandaniciG.Mandanici, , PhysPhys. Rev. D 83, 084021 (2011), . Rev. D 83, 084021 (2011), arXivarXiv:1102.3803 [:1102.3803 [grgr--qcqc]]]]
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EliminatingEliminating DivergencesDivergences usingusing
G itG it ’’ R i bR i bGravityGravity’s ’s RainbowRainbow

[R.G. and [R.G. and G.MandaniciG.Mandanici, , PhysPhys. Rev. D 83, 084021 (2011), . Rev. D 83, 084021 (2011), arXivarXiv:1102.3803 [:1102.3803 [grgr--qcqc]] ]] 
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GravityGravity’s’s RainbowRainbow and theand the CosmologicalCosmological ConstantConstantGravityGravity s s RainbowRainbow and the and the CosmologicalCosmological ConstantConstant
R.G. and R.G. and G.MandaniciG.Mandanici, , PhysPhys. Rev. D 83, 084021 (2011), . Rev. D 83, 084021 (2011), arXivarXiv:1102.3803 [:1102.3803 [grgr--qcqc]]

Popular Choice...... Not Promising

 1

p g

/ 1
n

P
P

Eg E E
E


 

   
 

Failure of Convergence

 2 / 1Pg E E 

 
2

1 2/ exp 1P
P P

E Eg E E
E E

 
  

    
  

 2 / 1
P P

Pg E E
  



Minkowski de Sitter Anti de Sitter

       2 2 2 2 2
1 2 0 0

-    -  -  

/ P

Minkowski de Sitter Anti de Sitter

m r m r m r x m r E   

GR 100 Years                    GR 100 Years                    2424LisbonLisbon



ConclusionsConclusions andand OutlooksOutlooksConclusionsConclusions and and OutlooksOutlooks
•• The The WheelerWheeler De De WittWitt equationequation can can bebe consideredconsidered asas a a 

SturmSturm--LiouvilleLiouville ProblemProblem RayleighRayleigh--RitzRitz VariationalVariational
procedureprocedureprocedure.procedure.

•• In In ordinaryordinary GR, GR, wewe needneed a cuta cut--off or a off or a 
regularizationregularization//renormalizationrenormalization schemescheme..

•• ApplicationApplication ofof GravityGravity’s ’s RainbowRainbow can can bebe consideredconsidered toto
computecompute divergentdivergent quantum quantum observablesobservables..

•• NeitherNeither StandardStandard RegularizationRegularization nornor RenormalizationRenormalization areare•• NeitherNeither Standard Standard RegularizationRegularization nornor RenormalizationRenormalization are are 
requiredrequired. . ThisThis alsoalso happenshappens inin NonCommutativeNonCommutative
geometriesgeometries. . A A tooltool forfor ZPE ZPE ComputationComputation
AA titi b tb t HH Lif hitLif hit thth ith tith t•• A A connection connection betweenbetween HoravaHorava--LifshitsLifshits theorytheory withoutwithout
detaileddetailed balancedbalanced conditioncondition and and withwith projectabilityprojectability and and 
GravityGravity’s ’s RainbowRainbow seemsseems possiblepossible, at , at leastleast in a FLRW in a FLRW 

t it i ThiThi ii t dt d ll ff VSLVSLmetricmetric. . ThisThis isis expectedexpected alsoalso forfor a VSLa VSL
•• RepeatingRepeating the the aboveabove procedure procedure forfor a SSMa SSM
•• TechnicalTechnical ProblemsProblems withwith KerrKerr andand otherother complicatedcomplicated•• TechnicalTechnical ProblemsProblems withwith KerrKerr and and otherother complicatedcomplicated

metricsmetrics. . ComparisonComparison withwith ObservationObservation..
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