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INTRODUCTION



Motivations: 
  why modify gravity

- Modifying gravity - explain Dark energy, cosmological constant problem, to 
cure non-renormalizability problem, theoretical curiosity etc. 
!
- There are many ways to modify gravity: f(R), scalar-tensor theories, 
Galileons, Horndeski theory, KGB, Fab-four, higher-dimensions, DGP, 
massive gravity... 

- Naively, cancellation of the cosmological constant,  
because of the Yukawa decay; 
- Small cosmological constant due to small m

massive gravity



Massive gravity: 
  problems

When modifying gravity, extra degrees of freedom 
appear, which alter gravitational interaction 
between bodies

Physical ghost

USUAL PROBLEMS 
of massive gravity



Fierz-Pauli massive gravity

Expand the Einstein-Hilbert action:
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Fierz-Pauli action (Fierz&Pauli’39):

Fierz-Pauli massive gravity

Linearized Einstein-
Hilbert term

mass term
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5 healthy degrees of freedom (because of a particular choice of the potential, h=0) 
for a generic mass term 6 d.o.f., one is necessary Ostrogradski ghost

Non-linear completion ?



Non-linear massive gravity 
  potential for metric

Need to construct a mass term -> introduce an extra metric

Construct a potential, following the rules: 
- general covariance under diffeomorphisms (common to the two metrics) 
- has flat spacetime as solution for physical metric (or not, for cosmology) 
- when expanding around flat metric the potential takes a specific form, the 
Pauli-Fierz form



Non-linear massive gravity 
  potential for metric

(Boulware & Deser‘72) 
!
!
(Arkani-Hamed et al’03)



Non-linear massive gravity 
  Extra degrees of freedom

Vainshtein’72 
EB,Deffayet,Ziour’09’10

New degrees of freedom due to the broken diff invariance =>

Change of predictions, i.e. Solar system tests

Non-linear effects restore General Relativity in some region  
due to the non-linear effects



Non-linear massive gravity 
  Boulware-Deser ghost

Generically there are two propagating 
scalars: one is a ghost !  

(Boulware & Deser‘72)



dRGT 
  the model

Massive gravity without Boulware-Deser ghost (de Rham-Gabadabze-Tolley’10)
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g is physical metric; 
f is fixed (flat) or extra dynamical metric.
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Equations of motion 

No matter Lagrangian. 
The energy-momentum tensor from interaction term:

Tµ⌫ = Ugµ⌫ � 2

�U
�gµ⌫

= [function of K]

Tµ⌫ = �2

�U
�fµ⌫

= [function of K]

Gµ
⌫ =m2

�
Tµ

⌫ + ⇤g�
µ
⌫

�

Gµ
⌫ =m2

✓p
�gp
�f

T µ
⌫


+ ⇤f�

µ
⌫

◆



BLACK HOLES



Black holes 
 Schwarzschild metric

Ansatz (bi-Eddington-Finkelstein form):
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Non-diagonal term from interaction:

These must vanish due to the Einstein equations and the ansatz for the 
metrics
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Black holes 
 Schwarzschild metric

Two choices:
rg = rf

�(C � 1)2 � 2↵(C � 1) + 1 = 0
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bi-diagonal 

non-bidiagonal
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Black holes 
 Charged black holes

Ansatz (bi-Eddington-Finkelstein form):
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Black holes 
 Charged black holes

Both sets of the Einstein equations are satisfied by,
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Black holes 
 Charged black holes - special choice of potential
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The Einstein equations are satisfied.

A change of coordinates is allowed in each metric

v ! v(v, r), r ! r(v, r).



Black holes 
 Rotating solutions
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Black holes 
 Rotating solutions

Only non-diagonal terms of              are Kµ
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PERTURBATIONS 



Perturbations 
  spherically symmetric ansatz for perturbations

Perturbations of both metrics
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Perturbations 
  spherically symmetric ansatz for perturbations

Perturbations of both metrics
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Perturbations 
  spherically symmetric ansatz for perturbations

The advanced time v is regular at the future horizon, we require 
   to be regular at the horizonshµ⌫

(g,f)(r)

At infinity, instead, it is more suitable to use the Schwarzschild time  
to separate between temporal and spatial components. 
In the asymptotic region                must behave as                 to be 
physically acceptable. 
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Non-bidiagonal case 
  perturbed stress tensor and constraints

�(C � 1)2 � 2↵(C � 1) + 1 = 0
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Non-bidiagonal case 
  perturbed stress tensor and constraints
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Solution of the above equation



Non-bidiagonal case 
  finding the solution for perturbations
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Homogeneous solution + particular (inhomogeneous) solution

homogeneous solution

general solution



Non-Bi-diagonal case 
  solution for perturbations

hµ⌫(f)
GR = 0
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Since at         the perturbations are not regular at infinity. r ! 1 v = t+ r
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NO unstable modes 
Non-bidiagonal solution is stable against radial perturbations



Bidiagonal case 
  linearized equations for perturbations
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Bidiagonal case 
  linearized equations for perturbations
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Perturbations 
  massive modes of bi-diagonal solution



Bi-diagonal case 
  Gregory-Laflamme instability
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R G r egor y , R. La f l amme / Nuc l ea r Phys i cs B428 (1994) 399 - 434

p l anck mass b l ack ho l e t o em i t a l l t he i n f orma t i on s t or ed i n a mac roscop i c b l ack
ho l e . The r e f or e , i n orde r t o r eso l ve t h i s t ens i on be t ween quan t um mechan i cs and
t he rmodynam i cs i t seems t ha t a sem i - c l ass i ca l ana l ys i s o f sub - P l anck s i ze b l ack
ho l es i s needed .

Mos t r ecen t l y , a t t en t i on has f ocussed on l ow ene rgy s t r i ng gr av i t y and i t s
i mp l i ca t i ons f or b l ack ho l es . Some o f t hese deve l opmen t s have been qu i t e i n t e r es t -
i ng . I n E i ns t e i n gr av i t y , cha rged b l ack ho l es ( t he Re i ssne r - Nords t r6m so l u t i ons ) ,
i n add i t i on t o hav i ng an ou t e r even t hor i zon , have an i nne r Cauchy hor i zon wh i ch
i s uns t ab l e t o ma t t e r pe r t urba t i ons i n t he ex t e r i or space t i me [3] . Howeve r , t he r e i s
no s t a t i c cha rged b l ack ho l e so l u t i on i n E i ns t e i n gr av i t y w i t h on l y one hor i zon and
a space l i ke s i ngu l a r i t y . On t he o t he r hand , a key f ea t ur e o f l ow ene rgy s t r i ng
gr av i t y i s t he pr esence o f a d i l a t on wh i ch gr ea t l y changes t he causa l s t ruc t ur e o f
cha rged b l ack ho l es mak i ng t hem l i ke Schwa r zsch i l d w i t h one even t hor i zon and a
space l i ke s i ngu l a r i t y [4] . Th i s s t ruc t ur e i s gene r i c , even i f t he d i l a t on has a mass [5] ,
as i t mus t t o keep i n l i ne w i t h t he pr i nc i p l e o f equ i va l ence .

O f cour se , mos t o f t he ana l ys i s o f s t r i ngy b l ack ho l es has been pe r f ormed i n l ow
d i mens i ons , name l y t wo or f our , whe r eas s t r i ng t heor y t e l l s us t he r e shou l d be t en
d i mens i ons ; i dea l l y t he r e f or e , one shou l d be exam i n i ng b l ack ho l es i n t en d i men -
s i ons . The r e has been wor k on b l ack ho l es i n h i ghe r d i mens i ons [6] f or a r ange o f
hor i zon t opo l og i es [7] . I n f our d i mens i ons , an even t hor i zon mus t be t opo l og i ca l l y
sphe r i ca l [8] , bu t i n h i ghe r d i mens i ons t h i s i s no t necessa r i l y t he case , we cou l d
have S2 X R6 or S3 X R5 t opo l og i es f or t he hor i zon . I n a pr ev i ous l e t t e r we po i n t ed
ou t t ha t a l a rge c l ass o f t hese b l ack ho l es a r e uns t ab l e , name l y t he uncha rged ones .
I n t h i s pape r , we pr esen t t he de t a i l s o f t h i s or i g i na l a rgumen t , as we l l as prov i d i ng
an ex t ens i on t o cove r cha rged b l ack p - br anes .

Why shou l d b l ack ho l es be s t ab l e , ye t b l ack s t r i ngs , say , uns t ab l e? Be f or e
answe r i ng t h i s ques t i on i n de t a i l , i t i s wor t h exam i n i ng a coup l e o f na i ve a rgu -
men t s . W i t hou t l oss o f gene r a l i t y , cons i de r a f i ve - d i mens i ona l b l ack s t r i ng i n
E i ns t e i n gr av i t y , Sch4 X V8 . Then t he equa t i on gove rn i ng t he me t r i c pe r t urba t i on

Saab = hab , t he L i chne row i cz equa t i on , i s essen t i a l l y a wave equa t i on

4Lhab = ( sasb ~ + 2R a `bd )h c d = 0 .

�

(1 . 1)

Because o f t he symme t r i es o f t he background Sch4 X R me t r i c , t h i s r educes t o a
f our - d i mens i ona l L i chne row i cz ope r a t or p l us a a Î p i ece . Pe r f orm i ng a Four i e r
decompos i t i on o f hab i n t he f i f t h d i mens i on y i e l ds

4Lhab - (44
_M2

)hab = 0 .

S i nce t he f our - d i mens i ona l Schwa r zsch i l d L i chne row i cz ope r a t or has no uns t ab l e
modes , add i ng a mass shou l d on l y i nc r ease s t ab i l i t y; hence i t has been con j ec t ur ed
t ha t b l ack s t r i ngs a r e s t ab l e .

On t he o t he r hand , g l i b l y speak i ng , hor i zons a r e l i ke soap bubb l es , t hey have a
sur f ace t ens i on , K - t he sur f ace gr av i t y , and soap bubb l es do no t l i ke be i ng
cy l i ndr i ca l ! Mor e f orma l l y , a por t i on o f hor i zon o f l eng t h L con t a i ns mass

. , o f = ML and has an en t ropy propor t i ona l t o ' 0 2/ L . A f i ve - d i mens i ona l b l ack ho l e
on t he o t he r hand has en t ropy propor t i ona l t o , f 3 / 2 . Thus f or l a rge l eng t hs o f



Gregory-Laflamme instability 

Five-dimensional black string:

Modes regular at the future horizon, not growing at infinity

The solutions to this equations has been studied already. 
In the context of Gregory-Laflamme instability.



Bi-diagonal case 
  GL instability 

A system of equations of second order plus 2 constraints on

In[110]:= VSmueff = HH1 - 2 * M ê Hx + 2 * MLL * Hmu^6 + H6 * mu^4 ê Hx + 2 * ML^2L * H1 - H3 * M ê Hx + 2 * MLLL -H2 * mu^2 * M ê Hx + 2 * ML^5L * H12 - H18 * M ê Hx + 2 * MLLL +H8 * M^3L ê Hx + 2 * ML^9LL ê Hmu^2 + H2 * M ê Hx + 2 * ML^3LL;
In[111]:= VSmu0eff = VSmueff ê. 8M Æ 1<;
In[112]:= VSmu01eff = VSmu0eff ê. 8mu Æ 1<;
In[125]:= Plot@8VSmu01eff<, 8x, 0, 20<, PlotRange Æ AllD

Out[125]=
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In[115]:= VSmu02eff = VSmu0eff ê. 8mu Æ 0.5<;
In[126]:= Plot@8VSmu02eff<, 8x, 0, 20<, PlotRange Æ AllD

Out[126]=
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In[134]:= VSmu03eff = VSmu0eff ê. 8mu Æ 1 ê 3<;
In[135]:= Plot@8VSmu03eff<, 8x, 0, 20<, PlotRange Æ AllD

Out[135]=
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d2

dr2⇤
'0 +

⇥
!2 � V (r)

⇤
'0 = 0

Playing with equations we can obtain a single equation

on '0 (a combination of Htt, Hrr and Htr)

V0 =
⇣
1� rg

r

⌘
2M

r3
+m02 +

24M(M � r)m02 + 6r3(r � 4M)m04

(2M + r3m02)2

�



Bi-diagonal case: Instability 

Instability

Confirmed independently by Brito, Cardoso, Pani arXiv:1304.6725



Instability of black holes 
  rate of instability   

Rate of instability
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Figure 1.3 A plot of the eigenvalues (m,Ω), scaled by r+, for which an
instability is present.

m to check if a solution exists. Fig. 1.3 shows a plot of the frequency pairs
(m,Ω) for which a regular solution, and hence an instability, exists, and Fig.
1.4 shows the behaviour of the perturbation.
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Figure 1.4 A plot of the metric perturbation.

Having found an unstable solution to the perturbation equations, the final
step of the argument is to demonstrate that this is a physical instability of
the black string, and not just some odd gauge mode. In fact, this is easy
to demonstrate by looking at (1.18). Since both the perturbation and the
Riemann tensor vanish in the extra dimension (hza = 0 = Rzabc), the five
dimensional Lichnerowicz operator reduces to the four dimensional Lich-

Approximately linear 
dependance 

Very slow instability !



Instability of black holes 
  rate of instability   

What is the fate of such black holes? 

R G r egor y , R. La f l amme / Nuc l ea r Phys i cs B428 (1994) 399 - 434
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F i g . 4 . Schema t i c d i agr am o f t he i ns t ab i l i t y . A l l t he d i mens i ons have been suppr essed excep t t he r and
z one . The geome t r y i s i n i t i a l l y i nva r i an t unde r a z t r ans l a t i on . The i ns t ab i l i t y i nc r eases t he s i ze o f t he
appa r en t hor i zon a t some va l ues o f z and dec r eases i t a t o t he r va l ues . I n t he cha rge l ess case i t seems
r easonab l e t ha t t he appa r en t hor i zon w i l l br eak i n t o d i f f e r en t pa r t s .

f unc t i on o f t he ex t r a d i mens i ons . The schema t i c behav i or o f t he appa r en t hor i zon
i s dep i c t ed i n F i g . 4 . Thus i t wou l d appea r t ha t t h i s pe r t urba t i on des t ab i l i zes t he
even t hor i zon caus i ng i t t o r i pp l e i n t he t r ansve r se d i mens i ons .

4 . The sma l l cha rge case

We have seen i n t he pr ev i ous sec t i on t ha t uncha rged b l ack s t r i ngs and p - br anes
a r e uns t ab l e . We now i nves t i ga t e t he ques t i on whe t he r a cha rge on t hese b l ack
ob j ec t s m i gh t s t ab i l i ze t hem . Phys i ca l l y , i t seems r easonab l e t ha t t hey w i l l a l so be
uns t ab l e a t l eas t f or sma l l cha rges; t h i s i s because f or sma l l cha rge t he me t r i c i s
essen t i a l l y t he same as t he uncha rged case . As l ong as we r ema i n ou t s i de t he even t
hor i zon ( r > r + ) , as i ndeed we do t o i nves t i ga t e t he i ns t ab i l i t y , t he e f f ec t o f t he
cha rge shou l d be neg l i g i b l e . Howeve r , a non - t r i v i a l e f f ec t o f t he cha rge i s t ha t now
t he (10 - D) - d i mens i ona l pe r t urba t i ons t ha t pr ev i ous l y van i shed become coup l ed
t o t he D- d i mens i ona l non - ze ro pe r t urba t i ons . Th i s now comp l i ca t es t he i ssue as
we can no l onge r se t t he f orme r pe r t urba t i ons t o ze ro ; a l l t he pe r t urba t i ons mus t
be so l ved s i mu l t aneous l y . An add i t i ona l comp l i ca t i on i s t ha t i t i s no t poss i b l e t o
t ake t he t r ace h =gabhab t o be ze ro , f or as we have a l r eady shown , t h i s s i mp l i f i ca -
t i on i s on l y poss i b l e i n vacuo . The pe r t urba t i on o f t he sca l a r f i e l d ¢ coup l es t o h
and pr even t s us f rom se t t i ng t ha t pa r t o f t he me t r i c t o ze ro .

I n orde r t o gu i de t he r eade r t hrough t he maze o f t hese equa t i ons we w i l l f i r s t
f ocus on t he sma l l cha rge case . I ndeed i n t h i s case t he prob l em , a l t hough mor e
comp l i ca t ed t han t he uncha rged case , i s dr as t i ca l l y s i mp l i f i ed f rom t he gene r a l
cha rged case . The s i mp l i f i ca t i on comes t hrough t he obse r va t i on t ha t t he coup l i ng
o f D- d i mens i ona l pe r t urba t i ons t o t he 10 - D ones a r e a l ways t hrough a f ac t or
propor t i ona l t o t he cha rge Qa = z r - r + . As t he (10 - D) - d i mens i ona l pe r t urba t i ons

5D Gregory-Laflamme instability

Black holes with massive hair (Brito,Cardoso,Pani’13) ? 
Only very massive hairy black holes



CONCLUSIONS

✦ It is possible to construct non-bidiagonal solutions in 
massive gravity, which are analogues of corresponding GR 
solutions (Schwarzschild, charged, rotating) 

✦ The non-bidiagonal black holes in massive gravity are stable 
against radial perturbations 

✦ The bi-diagonal black holes are unstable  

✦ The rate of instability is extremely small 

✦ The fate of black holes? The endpoint of gravitational 
collapse? 

✦ Do perturbations around black holes contain ghosts?


