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More Things

SU(2)
[Neutrino, Electron]Left (Neutrino)Right (Electron)Right

S [Up, Down]Left (Up)Right (Down)Right
U [Up, Down]Left (Up)Right (Down)Right
(3) [Up, Down]Left (Up)Right (Down)Right
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Interactions

dP/dt = F (1)

dL/dt = r × F (2)

dE/dt = F .v (3)
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Invariances and Noether’s Theorem

Translation

dP/dt = 0 (4)

Rotation

dL/dt = 0 (5)

Time translation

dE/dt = 0 (6)
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Conjugate variables

r → P (7)

θ → L (8)

t → E (9)

(x , y , z, t) → (Px ,Py ,Pz ,E) (10)
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Charges

Gravity comparison with Electromagnetism

G → α (11)
M → Q (12)

−GM
r2 → −αQ

r2 (13)
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Forces
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Gauss’ theorem

∫
S

E .dS = 4παQin (14)

Point charge ∫
αQ
r2 dS =

αQ
r2 4πr2 = 4παQ (15)

Generalisation for arbitrary dimension

S → rD−1 (16)

r2 → rβ (17)
(18)

Using Gauss we infer rD−1

rβ implying β = D − 1
For D = 1 there is no divergence
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Dark Matter

Equilibrium means

G
Mm
r2 =

mv2

r
(19)

Inside and outside a homogeneous ball of matter radius R
(simplified galaxy)

M ∼ r3, saturates at M ∼ R3

Expect
v ∼ r up to r = R
then
v ∼ r−1/2
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Rotation Curve
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Bullet Cluster, smoking gun
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Field theories

Lagrangian and Action

L(x , ẋ) =
1
2

mẋ2 − V (x) (20)

Euler-Lagrange

d
dt
∂L
∂ẋ

− ∂L
∂x

= 0 (21)
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Lagrangian density and Action

Particle gets replaced by field x → ϕ(x) and L → L

−L =
1
2
(∂µϕ)

2 +
1
2

mϕ2 + λϕ3 + gϕ4 (22)

S[ϕ(x)] =
∫

d4xL[ϕ(x), ∂µϕ(x)] (23)

∂µ(
∂L

∂(∂µϕ)
)− ∂L

∂ϕ
= 0 (24)
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QED

−Lψ = ψ̄γµ∂µψ + mψ̄ψ (25)

Global invariance
ψ → ψ′ = eiqϵψ (26)

Local invariance, if ϵ(x)? No, because ∂µ
Covariant derivative Dµ

Dµψ(x) → (Dµψ(x))′ = eiqϵ(x)(Dµψ) (27)

Dµ → ∂µ − iqAµ(x)
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Gauge

Aµ → A′
µ = Aµ + ∂µϵ(x) (28)

−LA+ψ =
1
4
(∂µAν −∂νAµ)2 + ψ̄γµ∂µψ+mψ̄ψ− iqAµψ̄γµψ (29)
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Yang-Mills

ψi(x) → ψi(x)′ = Uijψj(x) (30)

U† = U−1

SU(N): N ⊗ N = (N2 − 1)⊕ 1
N fundamental rep., spin 1/2
N2 − 1 generators, adjoint rep., spin 1.
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Gauge bosons self-interaction

QED U(1), Abelian [a,b] = 0
Yang-Mills SU(N), non-Abelian [a,b] ̸= 0
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GUTs
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Spontaneous Symmetry Breaking

Landau theory (not from Particle Physics)

V (x) = −1
2
µ2x2 +

1
4
λx4 = (−1

2
µ2 +

1
4
λx2)x2 (31)
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Symmetry hidden at minimum
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Complex scalar field

−L = (∂µ|ϕ|)2 − V (|ϕ|) (32)

Global invariance ϕ(x) → ϕ′(x) = eiqϵϕ(x)
Expand around minimum...
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µ2 < 0

V (|ϕ|) = V (|ϕ|)min + µ2|ϕ|2 + ... (33)

∂2V
∂|ϕ|2

= µ2 (34)

Mass of field is µ2
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µ2 > 0 and Goldstone boson

ϕ(x) =
1√
2
ρ(x)eiθ(x) (35)

∂µϕ =
1√
2

eiθ(x)(∂µρ(x) + iρ∂µθ(x)) (36)

−L =
1
2
(∂µρ)

2 +
1
2
ρ2(∂µθ)

2 + V (
1√
2
ρ) (37)

∂2V
∂ρ2 ̸= 0 (38)

∂2V
∂θ2 = 0 (39)
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Higgs mechanism

Gauge invariance ϕ(x) → ϕ′(x) = eiqϵ(x)ϕ(x)
Gauge field Aµ(x) → A′

µ(x) = Aµ(x) + ∂µϵ(x)
Note θ(x) → θ′(x) + qϵ(x)

−L =
1
4

F 2
µν(A) + |Dµϕ|2 + V (|ϕ|) (40)

Fµν = ∂µAν − ∂νAµ
Dµϕ = ∂µϕ− iqAµϕ

Ivo de Medeiros Varzielas Fundamental Interactions



Universe of Particles Particles and Fields

Gauge Boson mass

Dµϕ =
1√
2

eiθ(∂µρ− iqρ(Aµ − q−1∂µθ)) =
1√
2

eiθ(∂µρ− iqρBµ)

(41)
Note Bµ is Gauge invariant

−L =
1
4

F 2
µν(B) +

1
2
(∂µρ)

2 +
1
2

q2ρ2B2
µ + V (|ϕ|) (42)

MB = |qρmin| = |qv |

Ivo de Medeiros Varzielas Fundamental Interactions



Universe of Particles Particles and Fields

Higgs Boson mass

V (ρ) = −1
2
µ2ρ2 +

1
4
λρ4 (43)

−µ2 + λρ2
min = 0 → v =

√
µ2

λ
(44)

M2
H =

∂2V
∂ρ2 |min = −µ2 + 3λρ2|min = 2µ2 = 2λv2 (45)
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Equilateral action
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Equilateral damage!
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Symmetries

Symmetry if something unchanged
when I act on it with a specific transformation.

Polygon examples

Equilateral triangle (3 mirrors and 3 rotations (0, 120, 240))
Isosceles triangle (1 mirror and 1 rotation (0 degrees))
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Building something invariant
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Invariants under symmetries

Build something with symmetry (doesn’t transform)
from parts that transform in specific ways

Join 2 square brackets [ ] to make a rectangle
Or use 2 minus signs - to build a plus sign
(with the symmetry of the square)

Important example: length of a vector is frame-invariant
(some properties of triangles are also invariant)
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Building frame-invariants from vectors

Vectors transform in specific ways under frame transformations
(e.g. rotation by an angle θ)
(x , y) → (x ′, y ′) = (x cos θ + y sin θ,−x sin θ + y cos θ)

But one can build, from vectors, quantities that are
frame-independent:
Squared length of a vector (x , y), is x2 + y2 = x ′2 + y ′2.

More generally, scalar product of two vectors
(x1, y1).(x2, y2) = x1x2 + y1y2 = (x ′

1, y
′
1).(x

′
2, y

′
2) = x ′

1x ′
2 + y ′

1y ′
2

Invariants are very important as Physics should not depend on
“arbitrary” choice of frame!
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What about Particle Physics?

Particles have specific transformation properties
and interactions respect the invariant combinations

This restricts the “shape” of the theory, leading to predictions
(e.g. conservation of electric charge)
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What about U(1)?

Particles with “charge” q under a U(1) transformation (θ):
ψ → eiqθψ
(i.e. get a phase proportional to their respective charge)

If that U(1) is a symmetry of the theory, one must build
quantities that remain invariant under any U(1) transformation
(for arbitrary θ).
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(Scalar) QED mass term

Only have (scalar) electrons with charge q = −1, ψ:
ψ → e−iθψ and ψ∗ → e+iθψ∗

U(1) invariant:
mψ∗ψ

And that is basically the (scalar) QED mass term!
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(Kind of) SM Yukawa interaction

“Electron doublet-vector” with hypercharge q = −1,
Ψ = (ψ1, ψ2)
“Boson doublet” with hypercharge q = +1 Φ = (ϕ1, ϕ2)
the “scalar electron” ψ with hypercharge q = −2

U(1) and frame-invariant:
y(Ψ∗.Φ)ψ
which is kind of one of the interactions of the SM.

Note the invariants you can build depend on:
the symmetries of the theory
the particle content of the theory
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(Kind of) SM fermion mass term

U(1) and frame-invariant:
y(Ψ∗.Φ)ψ

Φ gets a non-zero “vaccuum expectation value”
a specific value everywhere, in a specific direction
(this breaks both symmetries)
⟨Φ⟩ = (0, v)

Then
y(Ψ∗.Φ)ψ = y(Ψ∗

1,Ψ
∗
2).(Φ1,Φ2)ψ → y(Ψ∗

2v)ψ
Which looks like mψ∗ψ for m = yv
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The Standard Model

Gauge group: SU(3)C × SU(2)L × U(1)Y

Chiral spin 1/2 fermions (left and right)
Quarks: colour triplets of SU(3)C
Left fermions are doublets of SU(2)L
Spin 0 scalar, doublet of SU(2)L
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The Standard Model is very successful but...

Neutrinos have masses (νSM)
Dark matter (no viable explanation)
Matter / antimatter asymmetry (no viable explanation)
Hierarchy problem (fine-tuning between parameters)
Strong CP problem (fine-tuning between parameters)
Gauge couplings (additional free parameters) - GUT?
Flavour problem (many additional free parameters) - FS?

BSM solutions involve additional fields and symmetries
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The Standard Model (1 generation)

Gauge group: SU(3)C × SU(2)L × U(1)Y

Quarks (Q, uR, dR): colour triplets of SU(3)C
LH fields (Q and L): doublets of SU(2)L
eR just U(1)Y
(νSM: add νR, complete singlet)

Scalar H also doublet of SU(2)L
⟨H⟩ breaks SU(2)L × U(1)Y → U(1)em

Mass terms: mf FαfR not invariant under SU(2)L

But yf (ϵ
αβHαFβ)fR is...

yf ⟨H⟩FfR → mf FfR with mf = yf ⟨H⟩
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The Standard Model flavour problem: masses

3 fermion generations? Masses span orders of magnitude?
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The Standard Model flavour problem: mixing

3 generations of quarks, small mixing

3 generations of leptons, large and peculiar mixing

(mixing between weak and mass eigenstates)
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Summary of data: quark mixing

Wolfenstein parametrisation

VCKM ≃

 1 λ λ3

−λ 1 λ2

λ3 −λ2 1


λ ≃ 0.23 (Sine of the Cabibbo angle)

Ivo de Medeiros Varzielas Fundamental Interactions



Symmetries, Invariants, Frames, Triangles The Standard Model and Beyond

Summary of data: lepton mixing

Tri-bi-maximal (TBM) mixing

VPMNS ≃


−
√

2
3

√
1
3 0√

1
6

√
1
3

√
1
2√

1
6

√
1
3 −

√
1
2
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Beyond the Standard Model with family symmetries

Without yf HFfR, LνSM has accidental symmetry SU(3)6

FS: upgrade subgroup of SU(3)6 to actual symmetry of L
1 Generations charged differently under FS
2 Yukawa couplings no longer invariant
3 FS must be broken somehow...
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